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Abstract

[nstJturhJns f_tnt;ilizp the httukrb.e noti,m _)f h,gi<'a] svsretn+ hx,lu, lh+_ l_>th >,'ctirax antl :-,,man-

tic:.+. A surl)ri>m_ tlll.lnl:,+'r <if +]il+[er,+.llt ltoti_ns <:,f tliorl)lliSlli ha',+ + b+,en su_:geste<l for fottnht_

categories with institutions ;ks objects, and a surprising variety of names have bee[l prol;,Ose,[ fret"

them. One goal of this pap++r is to suggest a terminology that is both uniform and infornmtive

to replace the current rather chaotic nomenclature. Another goal is to investigate the properties

and interre];ttions of these' notions. Following brief expositions of indexed categories, twisted

r+qations, and l(an extensions, we <letnonstra.te and then exploit the duality between institutiott

morl)hisnls in tit+, oriKinal s_,nse <_f (;ogtten and Burstall. and the 'plain maps" of Meseguer. _>b-

raining simple unifi)rm preen of completeness and cocompleteness for both resulting categories:

hecause of this _[uality, we pr++fer tile name "comorphism'" over "'plain mnp.'" We next consifler

'theoroidal" m +rphisms aml <'ore _rphisms. which generalize signatures to theories, fin, ling that

the 'maps" of .'kI+_>pgu+,r ;u-, + theoroiflal c_>morphisms, while theoroidal morphisms are a new

ci+n<'ept. "x+,,e tlwn intt'_<hwe 'h,rwar,l" an, l 'senli-llatltr;ll" morl>hisnts, and apF, en+lices ,li:-ctp.>

izlstitlttit)llS for hi,l,hm al_,,+l_l'a, universal al/ebra. |)al'tia] equational logic, and a val'ialtt of or_ter

sort,,<l algebra sttplJ,}rting l>artialitv.

1 Introduction

Many different logics are use<l in COml)uter s('i(,n¢:eF including nlag variants of) first or(terF higher

or(h'rF Horn <'latts(,F type theoreti(;F e(luationalF tenlp()ralf'nm(lalFan(l infinitary logics. T(> cap-

ture the. f;u:t that in;lily general results ;tbollt logics do not depen(t Oil the particttlar lo_ic chosenF

Goguen and Burstall [29] dew.'loped institutionsFfortnalizing the notion of a logical system with

varying non-logical symbols (sets of such symbols are tra<titionally called "'signatures" in this field).

,The main ingredient of an institution is a satisfaction relation between its models and its sentencesF

an abstract form of Tarski's classic semantic definition of truth [70]Fand the main requirement is

that this relation shottld be consistent with respect to signature ntorphismsF whila intuitively means

that satisfaction is invariant trader change of notation. The fi>rmalization only +_sutnes abstract

categories (or clmsses) of signatttresI-' ser_ences and tnodelsP without a.ssunfing a.w particular strttc-

ture for them; the covariance of sentences and contravarian<:e of models trader signature n_orphistns

is captured by appropriate fimctors.

rvlany papers have been written on institutionsFboth theoretical and appliedFin the twenty

years since the earliest fornmlation [5[' 6]: for exampleP institutions tx,e been used to study lambda

calculusF second order logic[' and m_n variants of equational logicF modal logicF higher order logicF

and first order logic. The main original paper on institutions [29] already contains sew.,ral significant

resultsF including at mmber of equivalent definitions for institutionsF cocompleteness for categories of

theoriesF colimit preseration for the fimctor on theories induced by a signature morphisntF a theory

tThe research reported here was supported in part by National Science Foundation grant CCR-9901.002.
_Also Fundamentals of Computing, Faculty of Mathematics, University of Bucharest, Roma_fia.



iI,'W iliSi, ititlillUS fr+,lll ,,hlI' a.il<l ,ll.lllicti,,li :L'. :..;_'il,'tl<l' iilllll)hisltlS Ist.i, thl. +lis<'li.'.+i,>ii ,iftl'r l)t'liliitilm

I 1)1" ,l,'._l>ii<' ;tll a,lq+a.i'_'ii[v I'<JlllllllJii I.'li,,f ]liar iusfil.iliil)iis <ll+ illd hali<ll+' ,[_.lii('ti,>li. ,\lllllll_ tttlL_'Z'

,'.'<;UUlJI_'sI'M_Is+'_+'S_.h,>w_.l Iliad hi.'. iiniti_,,I ;i,l+_l,l,i';t i> ;ill ilistiluti_tn ilTji'(',<>!4u_,ii >l._w,.<l tli;tl. (his

_+i'i_ilL:l.I '.'f,t'Mon <_t') hi<l_[l'li ++l_l,l>l+:ti+ till in,,_titulti_Ju I25II' II_liL _,;tv. ;tit iiisr+it, iiti<lii t'_lr _Ji_tcr +(litt,<l

h,,e,i," [->2]l';ul<l *l,>._sak<>wski ,.t'aw' a hi4q;i.r('h.v lit ill.stitili.i<lli._ ti>r t,>i',al['ljiUti,d ;i.iit[ _>l,h'r s<itf,l,<[

IlJ_i('s [laJ. ()ill. hlipllrt;tlit ;tlJl)lil.;!.t, ilJll (at+ ill.'.;tirilti(;,li+ is ;!. iliiit'{)l+lli i!.l:llJrl'J;tl.h l<J lilt:.illLtriz;U, it)ll

ftlr Slit,<.iti<.ai:i<m+: in t.wt['tlii+ was it lu;kior llllJt, iv;tliiJll IS['L}7f'2!Jl: ;i.lll()ll_ ill;tllV p;tl),,r+ ()it this

t,,l>icl'w,, m_,ttti,>tt [l+'Sl-':t:j] a.<l 1,3611"whM_ all a, hl it,'l,_si(,n ._yst,,,.+ t,> in,_tirutiot_..,. XI,.h ,_ther

hif('r(',,,,iin_, work with illstii, iifi(JliS has t)l,(,ii tit)lit, I)y T;uli'('ki {(J2['Gi['ti-I['65F 67][" _;ilili('lia ali(l

T;u'l,','ki [..<$F 5OF 6f)7[" (-','ti(,li [7!I" Xl,,s_ski [45}F ;u_,l Dia,',).(',.,,_ :l!J[" t4l" t-,]l" ;u.,,.,_ (,th,','s: [t;Tj

in l);uti('illar is ;].it init)()rt,mt ]);t[)iT with _,();ds ;ui(l rl'stllfS SilUilar ro th()st, of thi.-, pa.l)(,r. 13iustal[

;i.ll(l Oi;ti'(JlliiSCll 14] gi'lli'l';tlizt_ "hiding" fr()lli itlg(,t)l'it to ;tn arbitr;u'y iiistituti(m_/-" ;tlliI apply this to

I)()th Inaliy sorte(l and or(ler sorted algebr;t.

N'la.lly variations on the institlltiOll concept h;i.ve appeared. For exanlpleFNlttyoh illtroduced

"'galleries" [42]F which Ooglten and Burstall extem h,,l to "'generalized instit ut ions" [28 IF allowing

non-Bool<m values for satisft_ction. Poig,id's "'fimndations'" aml "'rich instiultions'" 150J flirther ab-

._tract,,,1 institutions by requiring that senti, noes fi)rm a fibrationF although this g_ts _rv complex:

Fiadeiro and Sernadas [23] introduced "'.'r-instit_ttions'" and Meseguer [43J studied 'Keneral h)gicsF'"

(';t('h conibinhl_, institutions with ('l;k'M('al entaihnent r_,latiol/s: [4;J] is a ,g>enl th;ll (.';,iltailis lllany

inti'r(,sthi_ i(Ml.,< Sa.lil)ra, a,nll S('()]lo intro(luc(,(l "'pr(,-histitutions'" 157il- whm'e the ill"' in r]>, satis-

f;t('tion ('(;,ll(titioll is split illt(J two inil)li<ttions[-" whih are thiql stu_lie, l separ:ttelyF colibill('ll[" or both

_h'oppe_l: Elu'igP Or<laser ,d. illlrl.llJllcl'd "'s!Decit-icatioli logics" [22]F whih are in, h,x,d careKories of

modelsFwith no sentenct,s: Cgzanescu introduced "truth systems" [lljFa sort of colnl)roulise be-

tween institutions and ch;trtel'sF allc_'ing inf, rence in ;t d(,signated too{tel: aml P;twlowski in;rodlieed

'context institutions" I49 i to deal with variable colitexts ttil([ substitutions. Diacolwscu introduced

"nlany sorted institutions" ilgJFwhich assign _t sort set to each signatureFand Grorhen,tieck (or

fibred) instil'utions [2[)]Fwhidl conibine ,nllltiple institlitions in a single structure: th+' latter was

developed fi)r the semantics of tlw CafeOO.l languag;e I21]. S,'ction 3 of this paper intro, lltces the

"'close variants" of the institution conceptF whih share its lii;ttheniatical properties.

Although the v;u'iants of institution all have inter+'sting propertiesFand are no doubt worth

studyingFsome can be seen _ts special kinds of institlttionaFand the others have close natural

relationships to institutions. It seems to us that the original institution concept captures the essence

of logical systemF whilh is the intimate dance between synta.x and semanticsF inchlding deduction.

We feel that most structures that weaken the institution definition are somehow pathological 4.

There are tendencies both to focus on syntax at the expense of semanticsF and on seniailics ;it the

expense of synta.x; the first occurs especially in intuitionistic logic and type theoryF while the second

is nlore conllnOll ill con]purer science. This paper treats institntions ill the original senser' t)elieving

that most concepts and results are ea.,dly adapted to the variant notions. (HoweverFthe notions

of charter and paxchlnent [28] formalize genuinely different notionsFthough still closely related to
instittitions.)

Over the last fifteen yeaxsPthere haw_' been even niort I variations on institution niorphisms

than on institutionsFeven discounting those that _u'e adaptations of niorphisni concepts to other

institution-like formalisms; moreoverF these notions h,_e been given many different nainesF includ-

aE.g., [28] shows that the "u-institutions" of {2aI _e really institutions.
*For exaanple, the main example used to motivate the "pre-institutions" of [57] is an unnatur_d version of hidden

algebra where the nmrphisms fail to preserve ,_11the relevant structure.



iu_, _nu_r_)_i_ini[`_nq_[_it_:_)iz1._`_`_il_ui``<_iiL_r_r_`_`_i_:iih_Ii_n_n_Ii_:i_i_in n]l;,l,I ,',ll/)*'_l<lilL_["

silllrll;Lti,)iil'ri';Lll_tq)lilh'Lli,_ll[';tlHt ilH,l','['lll(Jnt 1)[' wIll< h ,h, litt[,, _,r II,,tlliti_, h_ sll_,_,,'sl tlH,ir Ilallll'l'.

'l'his im.l_,,r tz'i,,s h) I,l'il|_ _.';qli,' ,,l',l,'r I.<, i_liis <'ll;i.<)n I_v ,'Xld_,rin,_, tJn,'ir i)r,q)+,z'li,'s ;tll, I r,'l:lti,)n,.',hil)nF

ln_'H('v ,'tHl,_l<liLt_ _r n_'l_r_...s,,llt;tti_;,nn): I_nlt b,!r.:LIh'-;_'iz_tii'llti()l! ttt(_rl,hi.,-,llt..-; ill thi.'-. :.-;('n:-,(',1(_ II()t ('_L[)-

fill'+, all th,' impornt,t r_,lati<>nl_hiF,..,[' r_'n,n_tx'_,z,nh;_u',,'_'intr_)_lnl<'_._l tz_tl_',,"v;tzian_t.,s. [)l't'll;tl:,,",; i']l_' ItlOSt

itttl.,rt:ult (Jr th_,_,, i.n ,l_t;d t,, iHstitltti[m zn_,rphisttt+[" irlL,)<l,t_+_+<lh+y .',.b,_,Xtt+,r [+I+:l]_H_l,'r tlt,' tt.utt<+

"'l>laiu IlI;LI):" this w;t+._l;tt_,r l.+'lt.tlli_'<l 'z'(,l)z'+!s+.xll+;tth+n+' Is)/ Tarkli,<ki !+;TJ :u_,l 'l>laix_ rI'IH_'.+<*'Itl+;tti()tl̀ "

t)y .kI(_s;tktJwski [+l._i['bltt I_+'(';UlS,' of the+ <llt;ditvFw+, l)t',,t_,r the, It,Ill.t+' +'+;+uorl+]zixul. ('+'ri(di intt'+_

,l*t<'_',l the' sp('<'ial ,';u',,. ,,f ">,im,tl;tti,)n_'" [T][" "[irh'<'ki inttr<J,l*t,,.,l ,',,,li£+_," [(J61[' +t fitrtlt+'r _P;tk,'ttit,_r

a]z_I Xl_'s_'X+_rr itttr<)<ttt,'¢tl "sitttpl,, institlttioH tit;q)+" [43][" which _,,+u_'r;t/iz_' _'ottttJt'l>histz_s by ntal+pitL¢

si_:t_atltt'+,s to th,+ori,;_: stmte v:triationsF inrltt<li_ "'c_m.juLt(:ti,e map.'+" which take +t +_,nt_,nce to a s,et

t)f +enten<;csF +re +tu<ti_,_l by NIossak(_wski [45]F who with Nr(-,(wski also introdu.ced "'emhe_hlings of

institutiotts'" [38]F to fortnalize equi,alence of logical frameworks: Sannella and Tarlecki introduced

"s_'Ini-morphisnts" [61F 67]F whtt'ouly have nto<h,IsF fi)r relatil_g specification aml imph,t_'mation

langu+tg+,sF and Salibra and S<:ollo iaro<luced 'trausfiJrmatious'" [57JE whih map mo_t_'ls to s+.ts of

tnt, h+ls. Di_t<'one,sctt int ro_llt<:e<l '+,xt ra th(,ory morph isms'" [ 15] for th+_ sem_.ntit's of tmtlt ip_tt'_u ligm

langu_tges like CafeOB.J [16]. It is w+ry h+'lpftd to look at examplvs to gain an understatIdittg (>f this
rocky t+,rraittF and _ .'qiall ofn,n do so.

_V_'had uri_inally hop+,<l to suz'w,v and syst+,m;ttiz_, all Phi, (lisritwt notioltS <Jr m,)rphi>tn f(_r

itisritutions itt th,, t_ri_in.d s_,u+<+Fbut we, ti:,ittt([ t,v_,Jl this limin,(l _ual impr+u'ti_'al ;tt l+.ss rh+ua

ztt<)nograph length.: ht);v_,vt_,r['w+, <1o hopt, to hay+, ('eve,red tlw theft it]tp<Jrtazlt serious. _+'ction '2

+_,iw,, bri,_f_'xp<)sititJtts uf in(lex_,_l ('atv_ories[" Wist(+d r+rlationsF an(l [":an extension+sF folk_,(l in See-

titre 3 by sev(-'ral eq_fivah,nt <lefiniti<m_ f()r institutions :tn(I th_.ir ('h>++'variaJ]ts[" _,sp++(ially +t._fitnctors
front sigtmtur+,s to twisted rel+ttiuns: +t subsection t'onsid_,rs "'itu'htsive ittstittttion.,.F'" which are in-

stittxtions with in<'ltt+iotis. The fim<tor fi)rtuulatious a/low ,+a+y prool:,_ in S+,<:tion 4 tbr ('ottq)t+_teness

and <'ocompletet]_,ss r+'s_lts: wt, also advatl(+e the hyl)oth,,sis th;tt morphislnS ar_, ill X+'n+'ral more

natm'al than comorphisms. S+'rtion 5 consid_,rs "'thcoroidal'" morphisms aztd comorphismsFwhich

generalize fl'om si_n;tt_tre mort)hisms t() theory Im)rpifisms: what wc call th_x_roid;d r(mu)rphisn_s

w,,re i_troduced by .k[t;seguerFwhile th(_oroidal mori)hisms appear to be a new t'(mc_pt. S_.ction 6

introtluces the new re)ties of forward morphismF while S_,ctioi_ 7 considers s+,mi-mtturld morphisms

and comorphislnsFwhich weaken morphisms by removing one naturality condition. A sunmaary

of the paper appears in Section 8Falong with a list of some open problems. Appendices A and

B discuss partial equational logicFa variant of order sorted algebra that supports partialityFtheir

corresponding institutionsFand an appropriate morphism betwt'en them; Appendix C _;iw,s two

institutions for hi(hleu algebraF and Appendix D iaroduces +t new abstract institution for universal

alg,,I)ra. The institutions in th,,se appen(ticesFwhich draw ()n the authors" prior work _)rt more

concrete applicationsF are ttst:(t in examples in the body of this pap('r.

Dedication This paper is dedicatedFmost warmly and respectfidlyFto Prof'. Rod Bttrstall on

the occasion of his retiremeut from the University of Edinburgh. Rod was the cofoumler of the

institution of institutions and has always been an enthusiastic supporter of its fitrther dew;loprnent.

He is also a very close and very dear friendFand one of the most ittsightfidFkimt and intelligent

people we have ever known. We salute his very distinguished p_tF and m wish hint every success
anti happiness irt his fi_ture.



2 Pt'elit,tinaries

W,' ,L'_sl,,i,' rl,,, r+,.ubq' thmiliar witll I,a._ic c;tt_'_/,l'i('lt[ c_mC,'l)tsf'ilwnlL,limz lilttitsl',',>linnnirs['finuct,,r

citl+,'KIJli+'nl';tnl+l a.,ljf,izlls. _;' tlS+' s,'nnli_'l_l<_ll t}_1' lll<)l'l_llisnnl coult_,_siti<_lll'wtitt_qt in ,[iil.Rlgtllnllnitric

ur, l,.t'l" that isF i.f: :1 --+ 13 an, I q: U -, (' ar,, nn,_)rphisnLsF tlnenf:,l: ..| --. (' is th_,iL" c<)lLtl)_,sitiotl.

_,_;' h't C(,tl b) ,h,t,,t,, tit,, m,,rl)hislus ,. _. b in, ;t _'at,'g3,t'y C[' an¢[ _' l,,t IC] ,[,,tn(,t,. nine ,>l,.j_,<'ts <,f

C: also w_. Ins_, ':'" t}_z vertical connl>ositi<_n of n;ttntr;t[ tr;tn._formgtthms ;thai 'a'" for tlt_,ir horiz4mt;tl

"()ltll)<)."itiOtt. Wll, + l'P;t,]lq" is ;I.'..;Sltltll'([ t'_Ltlti]i;I.t" with tl,' fact titan Cat (;t[l([ thus a[so Cat"*') ;I.tlll Set

ar,' t),_th cO]nl>h,t,, ;ut<l c<wumph,t,, [I()].

2.1 Indexed Categories

[nstituti()nsFwith th(qr variation of synt.tx an, l setnantics over signat,m.s of lum-logi('al symbolsF

;tl'e _tll iltst_tll(:l-, of .:t gellerz-tl c_ttegorica[ llOtioll capturing structllres that v;try over other strllCtllres.

Let Ind be any categoryFwith objects called indices.

Definition 1 An indexed category is a flmctor C: Ind °p --+ Cat: when i E ]IndlFwe may

write C, fi)r 6-'(i). Giw,n an indexed category CF thmtFlat{C) is the category having pairs (i. a) as

ob.jectsF where/is an object in Ind and a is an object in C,F and h._ing pairs (c_. f): (i. a) -+ (i'. a')

a.s morphismsF where(_ _ Ind(i. i') and f _ Ci(a. Ca(,*')). •

The fi)llowing _iv(,s sntffi(:i(,nt ('(m(liti(ms tbr the flattening of an in(t+.xed cateo_ory to be complete

()r (:o(:(>mph't+' [69]:

Theorem 2 If C: Ind °p --* Cat is ,, inde._>'d cate!lO W. there:

1. If Ind i.+ complete, if C, is complete for each i _ jlnd I. an,t if C',_ : C) -+ C, is co_#in,wus

for each c_ : i _ ./. the_ Flat(6-') is complete.

2. If Ind is coeomplete, if C, is cocomplete for each i _ tlnd_,, amt if C,, : C a --+ C, h,,s ,, left

a,!joi_lt f_r each. _ : i --+ ./. then Flat((-'} is ,:ocomplete.

Givm_ all imh'x_'d category C: Ind °p --+ CatFdefine the indexed category C"P: Ind ''p -+ Cat

by C'_p is (C,)°P and C_P: Cj 'p --+ C_ p is (Co)"P for _ 6 Ind(i.j/. The following is direct from

Theorem 2F but is ',_rth stating explicitly because it is so easy to become confused by the dualities
involved:

Corollary 3 If C: Ind °p --+ Cat is an indexed cate.qory, then:

1. /find is complete, if C, is cocornplete for each i _ IIndl, and if Ca: Cj -+ C, is cocontinuous

for each c_ : i --+ j, then Flat(C °p) is complete.

:2. If Ind is cocomplete, if C, is complete for each i _ IIndr. an,l if C,_ : Cj -+ C, has a right

adjoint for each a : i -+ j. then Flat(C °p) is cocomplete.

2.2 Functor Categories and Kan Extensions

Given categories T and SPlet T s denote the category of fimctors from S to T having natural

transformations as morphismsFand fur any functor <I_: S --+ S'Flet T4': T s' --+ T s denote the

flmctor defined by T_(/') = _; I' for a functor I': S' -+ TPand by T+(a) = I,_ ; a for a natural

transformation a: I' _ J'Pwhere I',J': S' -+ T are functors. Also let T-: Cat °_ --+ Cat

denote the fimctor that takes a category S to T s and a functor ,I_: S --+ S' to T +. Note that

T-: Cat °_ -+ Cat is an indexed category for any category T.



Proof: [[itlI,: Limit_ Ic_,limit,_) i, T s ;try, h_tih 'lmiutwi.4V" [-10]l" I>. t12. []

Definition 5 Giw,tt fltu[.t.(ws ,[_: S _ S' ;m_l [: S _ Tf'a right Kan extension of [ along

,[_ is ;t pair c_mt;tiuia_ ;t fits,tot [': S' -- T aml ;t n;ttural tr_tnsformation p : ,l>:[' _ [ whi_'h is

Imiw,rsal from T '_ to IF that in[-" fin" ,wy .1' : S' _ T aml//: 'b: .1' _ [ tlwt'_, is ;t luti_llll ' l,ttnral

transfin'm;ttion ,7: .]' =z. I' sm'h that /t' = (l,z, ._cr):/t. D11allyFa left Kan extension of [ along

,IJ is a t'm,:t_w I': S' _ T ;tn_l ;t llatlu';tl transfi,t'mati_m it: [ _-_ ,[_: [_ which is lmiw,rs:tl from [

t_) T'l'['th;tt is['fi>r _-,'_4y .F: S' _ T ;ta, l i/: [ _ ,_/5:.1' tlwre is a mfi_lm, u;ttlu;d Irau._fi_rm;ttion

,_ : [' _ ,1' snch that/t' - It: (l,_ _,or). •

The rest of this section contains gem'ral categorical resnlts that are used later in the paper: the

first may be fomld in [40].

Proposition 6 Gb,en a small category S. then:

1. If T is complete then an!/funetor I : S --+ T h_ts a right Kan extension along an!/,b : S ---, S'
,_,t T 'I' has a right a_tjoirlt.

2. [f T is cocomplete then ant./functor I: S _ T has a left Kan extension along an!/'b : S _ S'

,t_,t T '_ has a left a_tjoint.

Theorem 7 T- co_tr_zv,wiantl?l lifts _,djoints to functor category adjoints.

Proofi Hint: If £,b.,b'.rl.e): S _ S' is an ad.joint (with _b' a left a, ljoint to 'P)Fthen so is

(T'_".T'_'.T't.T') : T s _ TS'f ' where [F'))_, = rig 1;, and (T')z = e_ 1_. for all fimctors I: S _ T

and F: S' --+ T. []

Then nsing the s_mw _lot;ttio_fl-' ",_ have:

Corollary 8 Nat(_b: Y. [) _ Nat(I'. _b': [). natur'_zlly in both I and F. More precisel!/. ,_ rmtural

transformation it: 'b: I' _ I goes to (q; 11,):(i,I,, _#) and com,ersely, a natural transforrm_tion

p': I' _ 'b':I goes to (1_ _/):(e ; lz).

2.3 Twisted Relations

Twisted relations were introduced in [29] and further explored in [54]:

Definition 9 Let Trel be the category of twisted relationsF with triples(A. 7"¢. B) ;_4 its objectsF

where A is a categoryFB is a set and R C_ HA] × BF an(l with pairs(F..q) : (A. R, B) -+ (A'. 7-4.'.B')

as its nmrphismsF whereF : A' -+ A is a functor and g : B -+ B _ is a function such that the dia_am

IAI _ B

IA'I_ B'

eommutesF in the sense that for ary a _ _ IA'I and b _ B[" _ have a'_.q(b) iff F(a_)T_b.



Th,,r,. ;u,, 5,,u' ,.al.a.I va.ri:tntn ,,f tl,i.'. ,b,ti.iti,.ll':u'isi.,_, l'r,,j_l Ill,. ti,ur ,'h,,i_','_ _,1",,,.. ,,t" _,.ts ,..

cat,,_,.'i,._ f,.. th,, J,,ft ;m_l right .<mq.,,.,,,r_ _d" r.l., ttil)h._- [,.t ,ts ,all tl.,n4, tl., original VarhmtsF

sire',, tl..y :dro;uly ;tl)l)_,;tr ill [2!) I. "['l.,n,. v;.i;u,tn wh_,ro tIt,. ri!4hL cotul)_,i..nt is cat,_'Wwy-v;tl,u.(l giw.

I'is(' [,, ill_tittlti()ll."q EINLt ;dh)w _h',hu'thm[' wh,.r,,;ts t.ll_,n_,wl..re the b'ft ('()llll),)ll('l| i_ cat,'_)ry-v;tlu,,(l

_4i','_' ri.,,,, n, itLstil, utious th,tt alh,w Ii.orl>hi_,ms _d' mo_l,,Is (s_,_,th,, (lisvu_si,m aftor D,.ti.iti_m ll). [t

is ._a h;ml t_, s_,. I'.har thq, t'_dh.wi_lg h.hls fi,r all t'o,.' of tl., .ri_i.al wuiantsF _'w'ralizin_ tlu, proof

_;iw'. i. [,5.1;:

Proposition 10 Trel t._ both comlJl,,h. ,zr,,l _'o:ompl,'tv.

3 Institutions

[lm'o finally in th.: main t)_u,_i(:concept of this paper:

Definition 11 An institution ]I = (Sign. Mod. Sen. _) consists of a category Sign whose objects

are called signaturesFa fimctor Mod: Sign -+ Cat °p giving for each signature E a category of

Z-modelsFa f, mctor Sen: Sign _ Set giving for each signature a set of E-sentencesFand a

E-index-d relation _ = {J=_ I E q Sign} with _,2_ _C ]Mod(E)I x Sen(V)Fsu('h that for any

signature morphism ; : E --+ E'F the foll_'ing diagram conmmtesF

X IModlVti _ Sen(E)

! ' 1I Nlodi .': Seni ."

]

E' IModt X')t Sen'X')
___.,

that i,_U the fi)llcwin,_ satisfaction condition

m'_x, Sen(¢),f) iff Mod{_)(m') _: f

hohls for all m' _ lMod'Z')l an(l .f 6 SenlE).

We often write only _ instea(l of Sen(c) and -I; instead of Mod(_): the functor _[; is called
the reduct fimctor asso(:iated to W. With this notationF the satisfaction con(lition becomes

m'p__,_:tf) iff m'k_Ps/.

We also use the satisfaction notation with a set of sentence-s F on its right si(teFletting m _x F

mean that m satisfies each sentence in FFan(l further extend this notation by letting F _x F'

mean that m _ F' fi)r any E-model m with m _ F. We may onfit the subscript E in _- when
it ('all be inferred from context. The closure of a set of E-sentences FF denotedF°F is the set of all

f in Sen(Z) such that F _-'L" f. The sentences in F ° are often called the theorems of F. Closure

is obviously it closure operatorF i.e.F it is extensiff' monotonic and idempotert.

There are four natural variants of the definition of institutionParising fronl choosing one of

Cat or Set for the targets of the functors Sen and ModF being sure that the target of l_Iod

is dualizedFto remldn contravariant; since these already appear in [29]Fwe again call them tile

original variants. The two variants where Sen is Cat-valued allow deduction via morphisms

among sentences (as advocated for example by Lambek amt (Phil) Scott [39]) with conjunction

appearing as categorical product. In case the category is a partially ordered setFits morphisms

can represent an entaihnent relation; let its call this an entailment variant. Let us write f I-z f'



wh4,11 rl,.r,, b, :u I_,,rl,hisnz_ in S,;n!_Z) t'l_,_u /' t_, ./". l_,lf lll,.n,, i._ n,, r,.:l.>_)ujI_, r,.srrhl t,, sl[('h

v:u'i;I.vni._< w,, _'f)_ll,l inl_,t,':ul In.,.,.vmlltic:m,g_,ri,,s as :ulr,,c.m,,l I,,,' .Nl,,s,._l,,r [l:q with th,,ir t_)r_,.t.{'l

t'vln(t_r l_) n_.t.s[' _)r ;t_ _t.ljq,l' :qq)r_q)lia.l_, :-,rIch structlllf.l' alhwill_ I)lf,dls t() j,, I'q,l)l',,s_,ntc,_l. Nl_tic_:

t.h;tt lh,' II(*l.;I.t.i,.,ll f L..f' still nll;tk('s Si'llS(' t_,1" lll)ll-('llf;tilllll'llt V;U'iailt,_,[ ' ;tlll,,UL._h it. ,'[i_l,'s i'l.. Sl>,,(.i|ic

In',.d'. 'rwist,,,l t.,,I;tthms az.,, _,;uglv :ul;q>t,.,l t.(, sltch v;u'i;ulls[';us :u'_, l-'r(,l,_siti_m l() :m(l t.l,, I:m_r

('()llll_l,,r,,ll(,ss I','sllli_, l.h;tt I_,_il, l n_l),,n_it. _'_'_.will hll'_rzxl;dly (';dl tl_,'._,'l" an,I ary ()th_'r va.ria.nls that

aris,, .j_sr. I,.y .',ubstitutin_ oth,,r ;qqn_q)ri:tt,, hm(t()rs iul._) _'h_' twisf,,_l _;at_._)Ly _h,tiniti_)l_[ _ l.hcclose

variants of the, inslituti_m ('(m('eptF'b,,c;t_lse t_'rhni('ally th_'.v l)u,_,:H'_l i_ the same w:Ly. .\ y,'t

more r;ut_,_ouical _hq'initi_m of instit_Lliuu i._ _,ivm_ in I29]F t.aki_ _h,' i'a_._,t ('al_,_ori,,s t_) I,,, comm,t

(';LiN",12,qgl'it'S ('()ll,",;_l'll('tO(l tO ])(' twiNt,('(t l'(']lLti()ll (';Lt('_,l_l'i('S: ,!_('II('I';LI I)L'_q)_'t'ti_'s ()f ('()lllllLa (';Lh',_()t'i_'s

th_,n r,.l)l;u., ;_r_;_un,,nrs ;d,out _wis_,,,l r,.I;_ri,,n._.

Example 12 '_V,, briefly (lisc_t._s some in._titutions that are ,,sp_,cially rvh,v_tnt to this paper.

1. Classi(:_d unsorted equation_tl logier the institution of which we denote _[" goes t)ack to

Birkhoff [2]: it is the one sorted special case of the many sorted equational logic discussed in
the next item.

"2. Many sorted equational loo_irFthe institution of which we (lenote _'_LFw_L,_ first shown to

t)e an institution in early ,IrMts of [29]. Here signatures an, l alg_-,hras are the usual overloaded

many sorted signatures and al<('br_L_ (but we (h) allow empty ('arriers)l"which ",4o ba('k t[)

G()_m'n [24]: sentm_('es az'_' explicitly universally quantifie_l pairs of termsF an, I satisfaction is

_h,fin(,([ in th,, ,)t)vi(ms way. Proving the sat isf;t('tion condition ,l,,es take a bit of work (s¢.e

[2!)]1[- but as with tna.z)" ,,thin' vxamt)l,,sF this can N, all,,viat,,(l .ly using ('hart_,rs [2s].

3. Or(ler sort_l _'(lltsttiomd logi(;F tlle institution for whi('h _e denote _.ELF has ov,,tloa(l,,d

order sorte_l si<natures aml algebr_LsFwith explicitly universally CliLantified pairs of teL'mS ;LS

sm_tencesF an(I with the ob'ious satisfaction: see e.g. [30] for details. The first proof that this

is an institution was probably given by Han Yah I71] for a c_kse that also included so calle, l

s,,rt cm_straints: s_'e also the proot_s in [52] and [45]Fnoting that there are many v_triants of

or(b'r sorted algebra [30 I.

4. Among the n!.ally variants of first order logi('Fwe first mention the one with many sorted

function an(l predicate synlbols in its signatureP plus of course the usual logical synbols and

the models (though we allow empty carriers): let l_._ __L denote this institutionP and leL_'a'_L

denote its unsorted variant; proofs for their satisfaction conditions are sketched in [29].

5. Many sorted first order logic with equality[' denotedlV_'_LgFenriches I%4_IF1DL by allowing

equations _ atomsFrather than .just predicates: a proof that this forms an institution is

sketched in [29]. The unsorted special case is denoted F_LE.

6. Many sorted Horn clause h)gic is the salxle E'_ _,F_L except that only Horn clauses are

allowed as sentences; let us denote this institution [_g'_CLFits unsorted variant by HCLFits

variant with equations as additional atoms I_I_LEF and its Itnsorted ,ariant with equations

as atoms ECLE: proof sketches again may be found in [29].

Partial equational logicg (lenotedIl_ELFis discussed in Appendix A.

Supersorted order sorted equational logic[' denoted()_ll_?F is disrussed in Appen(lix B.

,

8.

9. Two hidden equational logicsF denotedlHIELt and EIEL2F are discussed in Appendix C.

Of course there are many many other examplesP some of whiia have a very different character.
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3.l Some Basics of Instit,ttioas

W,' t','vi_'w s,,m,' I,a._ic,_ fr,,m [29]:

Proposition 13 F,)r ,m// m,,ph_._m .;: _ -. E' ,m,,l s,'t._ [". F' ,f E-._, ,t, r_,',._:

I. (7,sur, Lemm,, _'l F') _ ;( F)'.

2. ;(F')" =.;(F)':

,'_. (F" o F')" = (F u F')'.

Definition 14 A specification ()r presentation is a pair (S. F) wh_,re E is ;t ._i!<natnr_' awl F is

;t s('t of S-s,,nt_,m'vs. A specification morphism fl',>m (E. F) to (S'. F') i_ ;t _iynat_.',' m()rl)hi_m

_: _ _ _' mwh that _:(F) C_ F". SI)('cifi(:;ttitms ;tn, l spe('ifi(:ati(>n m(>rl)hism._ _iv_. a (':tte/ory

(h.not(,d Spec. A theory (E. F) is a st,'('ifi(:ation with F = F°: the full snbc;tteg:ory of the()ries in

Spec is (h,note(l Th. •

The inclusion flmctor/.4 : Th -_, Spec is an equiwdence of categoriesF having a left-adjoint-

left-inverse .%" : Spec --+ ThFgiven by .T'(E. F) = (E. F') on objects and identity on morphisms:

note that .T" is ;tlso a right a(l.ioint of b/Fso that Th is a reflective and coreflectiw sub(:ategory of

Spec. It is also known [29] that Th is cocomplete whenever Sign is ('ocompleteF and thatTh has

pushouts whenever Sign _loes. The following construction for pushonts in Th is a special (::u_e of

the gener;tl colimit ('re;ttion result prove_t in [29]:

Proposition 15 For th_or;_/ m,,'t)hi._rns ;1 : (E. F) _ {Et. Fz) ,r_d ;2 : ( x_. F) _ _._,._F,_ _. ',f

Z ;----!--_ Et

_2

is , pushout irt Sign. th.en
(E.F) ;----k--_(Sz. Ft)

;_ l/'L

(E2. F:/ (E', F'/

is a pushout in Th, where F' = (_'z(F1) 0 _p'2(F'2)) °.

Definition 16 A th(_ry morphism (p : (E. F) --+ (E'. F') is conservative iff fi)r any (E. F)-model

m there is some (E'.F')-rnodel m' such that re'Iv= m. A signature morphism _._: E --+ E' is

conservative iff it is conservative as a morphism of void theoriesF i.e. T: (E, l0°) _ (E'. 0"). •

The following is not difficult to prove (see [56]):

Proposition 17 Given _ : E _ E', .f E Sen(E) and F C_ Sen(E), then:

1. F _. f implies tp(F) _r, _p(f).

2. lf _o is conservative, then F _ f iff _p(F) _., _p(f).



"I'1.' u,,xi r_,'-,_llt I,'×l_licit ill I.",,l] fi,r rl.. u,_li_,u ,,f ill...,lit_.i_,u ill I),,tillir, i,.i l l['ull_l imF.Ihqt iu

1291) ><tVs lit;it ;[u in._fit, tllilm ,,v,'r ;t ,';ti',':_,u'V ,d' _.i._ll_ttlll_'_ Sign !';ul I., r_'_;wl,'_l ;ts ;t f_ll.'i_n' wit, h

tar:._.t Trel['uwl _'._ .,-r._a.: tliis ;tl._, I.d_l_ liw llll' I'll,._,' vm'i;tlllS ,J[" Llll' illMitllliI. HI ;LIIll twi_tl'_l

l'_'l;dilm C,_llC_'l)i>_ Iwhl'll i'h_'y _tl'_' .tlqll',qn'i;tll'ly cl_rr_'hth'_l). Tl.,_lrl'nl :26 i.×t,,ll_ls this r_,sult ['rolu

Proposition 18 T/Icr_' is ,_ hqcctiotz (i.,'.. ,z ore-to-,m,' c,,rrc._p,,r,l,',,c b, tmcc_t cl,z._._,si I,'hvc_.n

i_._t#,ti,m._" or,'r Sign ,u,t f,u_ctors Sign -. Trel.

Ev,ry iu_tituti, m (Sign. Mrod. Sen.._) has ;m ;Lssocizm.,l flmctor Sign -, Trel takillg _t signature

E __ [Signl r.o the triph' (ModiE,I. _E.SenlE))Fan_l takiu_ a si_uatur,' morphi._m _': E -* E' t,)

the 'twisw, l'" m,)rphism (Nlod(p).Senf¢)): and mcu',,i)w,rFt,v,ry fuu,tor 1: Sign --Trel has an

a.ssoci;m,,I institution ISign. Mod. Sen. _)such that if [iE) = /.4__. _z./3_)F thei_Iodl E) = .4_F

Sen(E) = B,:_ an,t _= 7_F and sub that for a siKuatlire morphism ,: : E _ E'F iffl¢) = (F=. g.)F

then Mod(,,_) = F. and Sen(_:) = .%.. Therefor_ we can use the tuple and fimctor notations

interchangeably fi)r institutions.

An institution where the Sen fimctor is category-valued is said to be complete iff for any two

E-sentenc,,s f..f'F _ have
f_-_f' iff ./"_2f'.

We ,_'an ,h.fine ,'ompactness in the sam_. styleF pr(vided Sen(E) h;u-: suitabl_' extra stru,'tm'eF sub a_

that of :m iufinitary multicate_oryS: an instit_ttion is compact iff when,'ver .f F-_ ./' rh,n .f0 _--_..['

fin' ._t,m, finite, ./i) _ f.

3.2 Inclusive Institutions

[11 lllltllV caiegoriesFamong the monies are some especially simple and natural maps which may

be called im'lusio,._. .klthollgh lllktlly l)rofessional category theorists are hlathe to COllsider thenlF

I)_-,caHse of their ,lesire to ideutify things that are isomorphicF inclusions are in fact a natm'al conceptF

the us,, of which cmi greatly silnplitly some applicatiousFespecially where syntax is the obiect of

stu_ly. For examt)leF ue really ,1o prefer a ._ttbsigruit_trt: to be given by an inclusionF so that the exact

same symbols are iuvolved; aim the same hokls for modules in both programming and specification.

At the end of [29]F axiomatizing and then exploiting inclusions for modularization _s listed among

the open problems. A first solution was given in [18] with the ibrmal notion of i,clusion systemF

,which was then used to significantly simplify the semantics of module systems over an institution.

The abstract notion of inclusion system was further studied and simplified in a series of papers

[37F 12F 13F 53]-Iere we briefly summarize the current stateF and sletch some applications.
There is a well-known correspondence between certain small categories and partially ordered

setsF orposets for short; these categories have exactly one object A for each element a in the serf

a morphism from A to B iff a _< bF attd they satisfy a_i-symmetryF ill thatif there is a morphism
from A to B and another from B to A then A = B; hereafterFwe will identify posets with their

corresponding categories. Sums and products correspond to unions and intersectionsF respecti,elyF

and at poser with finite sums and products is a latticeFwith all the usual properties thereof. Of

courseFthings generalizes front sets to classesFwhich we will call poclasses; we let '--+ denote the

poclass morphisms.

_While an ordinary multicategory hzts finite lists as objects, our notion of infinitary multlcategory is a monoidal
category with iurbitrary subsets of a given infinite set as its objects, and with union ,as its multiplication: we hope to
develop this notion, which in this form only works for entailment variants, in more detail at some later time.



Definition 1.9 .\H im'lllsive category t' in :t .;tl_,_,cwy with ;u IHt.ml nltl.':et,,_,,ry s Z wlli<h is ;t

I.,'l:t._,l'<';dl+'(l il._ subcategory of inchasions['l,tvill_ tiHit,, iHl+,r_.<.r+hHl_ ;tH<l ,llli<)us[%tu'h th;tt

liw ,'w.rv pair _d" ,dO,t.s ..l[' /.¢[' tl,'ir imi<HJ in Z is ;t iHt._h_Hir, in C <d' tlwir iHt_,r.,,twl.i, nt in /. C

is distributive ill" Z i_ ,li_l.fiI,Hi:iv,,. A fuH<'tcw I.,tw,,,H l.w,J iH+lnsiv_, cat_'_4()t'ies i_ :tn inclusive

functor i,_r preserves inclusions) ill" it. t;tk,.s im'ltlsi, ms in tlu, :<mr(',' +';ti'_,_,)t'y r_) itt<'hlM()ns in

l.l.' t:u'_'l ['at,'_+_ry. •

Thi.._ ttoti<Ht of itwhtsi<)t_ is similar tl) tidal ,,f (w_';tk) im'l_tsi, m systmns [l,"iF37F 12F l:IF53 iF+'x('['pr

tll;tt lllJ t)u'l<n'iz;tthm pr,)l),,rti+.s ;u'e :_.ssHm,,,l: h,_w_,v,'r['the w+'ak,'t" m_ti<)tt is ;uh'(l_t;tt,' fin" st;my

IHU'l)OS+'s. AIs_)F snms au<l l>t'()_l_t<ts at'_' tl<_ t..'(h'<l for lll/i.l)' ;q)Idi<'ati(ms. [t.'htsiv+' cat(*_()ri,,s (;mr

play a similar r,)h' t.<)f;u't(n'iz;ttiOtl systt,tHs I36F 48JF IHtt t,,n,l t+, lha +sm<)+,th,,r l)t_),,t[._.

Th+' t'(dlowiu_ +,t_rMt,,s ;ut iu.,,titHti<n, with in('l_sions [.56]:

Definition 20 Atiinclusive institution is an instit_tti(m with its category ofsig]_atnres;mtl its

Sen f_tm'tor both inchtsive. It is distributive iff its category of signatures is (tistribntiveF andis

semiexact iff the fim(:tor Mod : Sign --) Cat °p preserves the pushontszF i.e. it takes pnshouts in

Sign to pullbacks in Cat. •

The term semiexa<:tness w;t.s intr()ttm'+,d in [18j ;us a w_,akening <)f vxactnessU which says that Mod

preserves general ('olimits: exactness seems to have first appeared in [60]F and '_s used by Tarlecki

[63] on abstract algebraic institntions and by IxI+,seguer [43] on general logics. Alth<)n_h many

sorted loKics tend to be exa<'tFtheir m_s()rted variants tend to he only semiexact.

The ('ate;gory of rh,,<)riesFThF iuh,rits tnaar properties fi'om Sign. One of the most import;tar

of the_e is that Th is cocomph,te if Sign is. Mt)reoverf'

Proposition 21 For ,m i_ml.._ir+: i.stit_tio_+:

1. Th is incl_t.qive: ,_+t

2. Th has pu._'h+)uts that pr+:._+_w'eincl+_sio,s if Sign has pushouts that preserve inclu.>ioT_.+.

It. is often more convenient to s|),_ak of a theory extension instead of a theory in(:h_sion

Inspired by Gogtwn an(l Tracz's "impletnentation oriente<['" (i.e.Fniore concrete) selnallti<'s for

n_o, htlarization [33] FRo_u [56] introdnced the notion of module specification as a generalization

of a stan(lm'd specifi('ationFhaving both public (or visible) an(t private symbols via inclnsions of

signatures_V and then explored their properties and g,'ve semantics for mo(htle compositi(m over an

.arbitary inclusive institution. More preciselyF a module specification in an inclusi_ institution is a

triple (Z, F. Z')P where Z '--+ Z and F is a set of E-sentences. The visible theorems (or the visible

consequences) of a module (Z. F. Z') are the Z'-senten('es satisfied by F over ZFand a model of

(Z. F. wJ) is a Z'-model of its visible consequences.

For another applicationEinclusive institutions are an attractive alternative to Mossakowski's

"'institutions with symbols" [46]Fwhich assign a set of symbols to em:h signatureF;_s part of a se-

mantics for the cast, language [10]F since inclusions will autonmtically leep track of shared symbols

in subsignaturesFwhile allowing all the usual operations on n_odulesFincluding renamingFto be

(more) e_ksily and naturally expressed. It is our view that inclusive institutions provide the most

natural and e_ksy way to formulate the senuu_ti('s of specification languages like CASL [10]I" CafeOBJ

[16]r and BOBJ [31].

_ln the sense that it h_ the same objects a.s C.
rActu,'dly, we are interested only iu pushouts of inclusions, but we wish to avoid introducing a new concept.
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4 htstitlttion N[orl)hisnls and CotttOt'l)histns

I','rh;ll,_ th,. Iw()I..>t knl()w)n kinl, ls _)l' m<)trHli.,<ut I)(,tw+,,,tt inl_tit)tti(,u.,< ;u(' t],, _)ti_iual "tu()VlHti.,<tu_'"

(,f (h)_(.nt :tt,,l [I_nr,_);tll I:2+)pl:u.l tlt,, l,l;tizt re:q).,.+" ,)f .kl(,r.,u_)t,,r il:+i[l;_t,,n. _.iv,.tt in., l,,,tt(,r It+,tit('

"r('l>t'_'+,'tLt+tti()tts'" l)v "[':tzl('<ki [(JT[" 6(i]. _,'qr _h()v,: ,t tt:ttltr:tl _Ivt;tlit;' l)+'tW,'('It th('s('[" h," vi('win_ th.(,ir

,'at(,g,)ri(,s with itt,',titIILit)liS ;t+'+, <)l)j_'cts :i..+I+l+ttt,_,tt(._litl(h'x('<l <';tt('_)li('s: t hi..+ IHl>tiv;tt('.'+ oltr l)r,'fi't'('tt<'('

l(Jl' th(, iltstitnlt+()lt ,'OXlt_)t'l)hi.,,ttl t('l'lltilt()l<)_yF ;tn_l ;tl."-;O yi('l+I+ (':t+y l)t<)+++_'<_)f <'Olltl)h't('xl('s,'-+ ,'tt_(l <'()v()ttL-

l)h+t('u('+.'<I" nt.'+iH_ tlt+' f+t('l', tit+if _irl! ,'t ['llllCP.,)r l)l'tw('('ll ,'<i_tt;tt)H'(' (+;tt,,_(>ri(,s[" ;fly itt.,+tit)tti()t_ ,)v('r tlt('

._<)Itt'('q' :..+i_ll;l.tlll'(' (';tL('_()L'y +'xl'('tL<l. ++, t(,) :LII itt_tit_tl'i()Ii (::('rt[t(, t;Lr:'=,+'t :+i_.ll;Ll.tlI'(' ('al'.('_()l'y ;t]()l|_ that

fittt('t(>r it, two <'au<)ui('al w'_tVs[" ._i_'tt t).': tit,, h,ft att<l right K+tl_ (,×r,,ztsi<)u.,<. :\rr+tis +uJ(l Fi_t(l('ir() [4t]

show(,,l t h;tt _i,,'+,i_ :tit a(l.i)|tt<ri<)tt ))(,tw(,+,nt +i_ztt;ttutt(, v+tt(,_()ri(,s[-';tti iu.,.tit_lti<m m()rl)histtt _iv(,..< ri._(,

t() ;ttt it_stit_zti()t_ ('(>ttt()rl)hi,stH ;tlt(l t,i+'++t'+:l'.','+t. _¢V(' sh(;,w th:tt thi.'< r(,..<ult is it tl:tt)lral ('t)tt.s(,<l)t(,).t<'(, ()f

th(, fa('t theft an +ul.j()ittt I.)(,tw+,et_ si,_ttat)Lr,, +::tt(,_(>ri(,s lifts ('(mtrav;u'iantly t(.) fit,rotor cat('gorit's.

The original ttt()rphis)ns for ittstitttti(ms i_ttrodu(:ed with the institution concept in [29] seem to

be the most natural notion. [n particularFthey in('lu(te structure forgettingFan<t hence structure

embedding or representation relationships. Our examples will show that n+torphic fortmtlations are

t_sually sitnpler an, l more natural in other contexts as well.

Definition 22 Giveta institutions 3 = (Sign. Mod. Sen. _) and "V'= (Sign'. Mod'. Sen'. [=:')Fan

institution morphism fi'om _ t(.) _' consists (>f a fttm:tor (I:): Sign -+: Sign+Fa natural transfor-
mation ,3: *Iod -_ (b: NIod'Fan(l it u;ttural trltHsfi>rlHati(m (t: ,I:,:Sen' :::::. SenFs_t('h that the

t+(Hlowit_u; satisfaction condition holds for +'it<:h _ _ iSign[F+_+ ff iMod< Eli] and f' __ Sen'!,I>t S))V

._ _ _,-(./"t iff ,_":-("+)_?t,<__..f'-

We h-,t Z+VS <lenot(" the (:ategory of ittstituti(_ms with ittstituti,m tttorphisms. •

Note theft the fltH(:tor (b on sigmtt_tres _tL).(lthe nat_tr_).l trat_sfi)rmatiot_ ,3 ott m,),lels g,) it_ th(' same

direction in this ,l+'fittitionF while the uatural transfi)rtttationo goes iu the opposite +liret'ti<>n.

Meseguer [43] itttro<t)tc(-,d a dual of the ittstittttiotl ntorphisnts of Goguen aud Burstall under

the name "plain xnapF'" later renam('d 'r¢,presertati()tt'" by Tztrlecki [67F 68]: h_ever+/-" up pref+'r the

name "'contorphism'" it, or(ter t(_)emphasiz(, the importat_t du_ditv betweett these coit(:et)ts.

Definition 23 GiveH institutions _I -- (Sign. Mod. Sen. _) and ]' = (Sign'. Mod'. Sen'. _')Fan

institution comorphism from _I to TI' consists of _I): Sign -+ Sign'Fa natural transformation

,/3: (b;Mod _ =:_ ModFand a natural transformation c_: Sen =_ if; Sen'Fsuch that the following

(co-)satisfaction condition holds for each E _ ISignIFm' _ ]Mod'((b(Z))IF andf _ Sen(W')F

/3_(m') _ f iff m' _(_) o_(f) .

V_'e let coZ,_'S denote the category of institutions and instittttiot_ c<)morphistHs. •

Cerioli introduce<l the special case of simulation [7][' whila in addition requires that/3 be a su_:ie<:tive

partial natural transformation.

It is characteristic of our subject that the same example can often be presented in more than

one way. For exampleFconsider the relationship between the institutions of equational logic and

first order logic with equalityFfor simplicity restricted to the unsorted versions. Since signatures

for first order logic with eqmdity are pairs (l-I, E) where H gives the predicate symbols an(l Z gives

the function symbolsFwe can capture the relationship between the two kinds of signature with a

forgetfid functor sending (II, E) to EF or with an ex_edding flmctor sending Z to (O, El. A perhaps

insufficiently emphasized small insight from category tht_ry is that it is often better to deal with
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I_,L_'I t',ll I'tm,'i,,r_ thall ',villi [ILW+I+_I'_ ,_+Jili_ ill l.ll,' I_l I1,'1"<lin'_'ct i,m. [:,,n +.×atttld,'I' tlJ,' li_]_,'t t'ltl f, ltLct_r

['l"!+Inl pr<,ntl,,, Ca+'.-,4'1._[,,'tl,'l' _'Xl)t+'_.',,'s Ill+' r,'l;u h+tt_,lli[) l,,'t.w,'q'u tli,'s_' t,,'+',, I h:tnl rh,, lr_,_, _r<)utl) l'itIl,'l'q_r:

an<l w,. ,';u_ >,+',' .t :+,+z_)il+ul)l+,'l_,,nJz,'_,,l) ilJ ,,,It' l+l.tb' q'Xamld(' that ll_' li_r,_,,,'tful l'itnwt<_r ;t',,+,:,i<l..<t[w

<:ulttdtt,.<lly r;tlh,,r silt:ill) at'lfitr;tri_i_.s><d'iutt'(+,llwin_ tlw,,ml_ty +,.l..\tth+_i@i it:_titiv,'ly ,,v+.have,

ant ,,nul,<,l, Im_ <,f ,,+l,tathmal :++,i_ll;Ltntt'+'_ illNJ first or, h'r with _'<Intalily :'-;i_tl;Ltlll'<'_[' +t iS tu,_r_' u,ttm'al

t.o its,' t].' fiJrg,_,t.f, tl l'lllt('l;<:,l + th;tll the','_,,l,,'<hl]n_ fnmct_z'. The' ,'xa]_q)l,': l,,,t_+v,,"+,xt_,n,l this itlSi_]lt

|'l'(JXlI .'..;+2,Ihl+tlxt'_'St<) iti_titllti_l|+.

Example 24 '+,V_,-J;'_, s,:,ttt_, +,×aml>h+s +,f m,,rphb..,ttt:.+ ++tt_l<'(;lU_:,t+l:,hi_tns for _'tltl++_'<hlitt_s.

I. ["ir_t s<_ttt_' Ill(.+rq' _h,tait.'..; of the, _,ml_+,<l,lin_ ot'+,_l,Z<tti<>naI h)_i<' iut() fil':-;t ()ir+b'r lo+_ic with +,<lU;tI-

it,+'. L_,t 'D _[+'lltJt++ ill+' [_+t'+u,,'t['_l t'_ttut,)r which tilt ol>.++,ct_ +_,i,,t.+-,([I. v,) t,_ V+Fh't .+,- I,_, tlw

[++Jr_,,t.[itl ['iill('t,:)r s+.'II(lilL_ a Cl-[. _)-lltO, I++,Ito th, e c()t'r_'spOll_litl_ _-aI_+'|)I,';LF ._Llt(l h't<_'_rI._ St'lld

a _-,e,quatiott to tlw +;-title +,<lltati()ll vit+we([ ;st...5a ([-I. w+)-seiltt+'ll.<:e (w[tich ntay re(l_til,'(+ mlding

<[uantifiers). [t is now ea.sy to cht+ck the naturality and satisf;u'tion conditions.

"2. A contr_+till,g case is the ennbe<hling of unsorted equational logic into many sorted equational

lugicFbec;tusv here there is tto natural forgetflll functor for the signatures: therefore this is

bettt't" st,en _,.; a comorphistnFwith 4:, ntapping an ,tnsort_,(I signature to the col,'resp<)nding

()Ite sorted sio_natltreF ;tlt(l with the olyious c+ and /3.

3. On the ()ttwr handFif we mollify the many sorted equational logic instit_ttion to provide

_li:.,tin_uish('d elements in its sort s+,tsSFthetl, there is a natm'al forgetful functor fl+om tnan, v

s()tt(,(t siKnatul,'es to uns()rt(,<[ signattu,'+'s[" and xP K_'t an ittstitution ntorphisnt. _,\'(, +'n('()_tt'aK+'

tlw r+,ad('r to w(+rk out tit++ (letaJl+ <if this a._ an ex(,r[:i+e.

4. An _'xannple .similar to the first above, (but sitnpler) is the entbedding of Horn clause lo._i(+ into

first t)rd++r logic. Here tit(' signat_tre categories are the same in the two instittttionsF consisting

of.jnst il,t_h'xed sets of pr(,di(:ate syntbolsFamt (P is the i_lentity fmnct<)r. The two tnodel

('ategt:,ria,s are also the sant+:'F and+3t+i con:.+ists of all identity fumctors (wlwre I-[ is a sigt:t;ttttr(,

t)f pi'+,<li+'at+, s:,'mbol.s). FinallyFeaeh _+rI is ttw inclusion of the [I-Horll clatts_,s ittto tit(' first

[)r<ler [-[-s(,nt¢m('vs. Since st) lllallv of tile stru('tllres ii_ this extLnlple are the s;till(,F ther+ _ is no

si_ztfifi('ant <lifference between using this nlorphisnl al,ld using the col,'respon<lin,,Z" comorphism

to represent the relationship of the two instittttiol,ts: ntoreoverF these Wo are dual in the sellse

of Sectiott 4.1.

5. There is also a comorphism from equational logic to first order logic with equality. Let tI,' send

an equational signature E to the first order signature (E, 0)Flet a' send a E-equation to the

corresponding (E, O)-sentenceF and let_Y send a(E, O)-model to the corresponding E-algebra.

We will see in Section 4.1 that this comorphism is dual to the morphism of item 1 above in

a very natural way.

There +u'e many more examples of a similar ch+u'acter. In generalFit appears that the fi)rgetft!l

morphisn_ versions are somewhat simpler and mol,'e natural than the comol,'phism versions. •

Example 25 There is an institution comorphism from (_EL': to ?F_L (these institutions of partial

equational logic[' and of supersorted order sorted equational logicF are defined in Appendices A and

BFwhich also review the notation front [26] that we use here). Given a supersorted signature

(S, E) and a p_u'tial (S', E+)-algei)ra A'F it is nattmfl to extendA' to an order sorted (S. E)-algebra

SThis is by ao means ,'m unnatural concept. For exasnple, in the OB.I3 system [34], every module has a "principal
sort," which is needed for computing default views [34]. We can therefore argue that these "pointed sort sets + axe
more natural, at le,_t for many computer science applications.
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IJv a<hJin_ it Sl_,'<ial _vntll,,d _ (+:db',i tl.' error elelnellt['l_ till, carri,'r r_f ,'a,]n SUll),.rs4_l't _.'[';m<l

+'xL,'li+lill_ :ell I_;trti:d ,q),'t:etilms t,+_l_Jt;tl <)f.,r:tlil)lls Imvin_, lh,' ,,':d_l+' ,. wh,,r_, rh,,v w,,r<, _tn<h,tit,,<l["

;tn+l l>r+,lJa_;urf , ,,t't+,r i,l,,lllt,lllS, ;\ ,lis;ulv;mta_,_' _t" tills <,_llstrllcti<,n is t.h;tt it. ,h,'s Ii(ll: l_t_wi<b ,

Jlll(_l'lll;ttJ(>ll ;tlJt_lll t,lL_' _)l'i_,ill _d' qTI+(_I'S,

D,r any sul.'rs_,rt,'<l si_nat,m, (S. El au,l I_:uti;d (S'. E')-al_,l,r;t .,l'[' b,t+_'(.+l') t,c tlu, S-s<)rt,,,d

f:unily _i,,','n hy

• _ , 4' t'_,r ;ell s' _ S'F atul

'-_.<,¢(.4'_)e:. = A', c, {*t _i,t-;ell._'+: .y'.

Tttm_ .t_(.4'] can I),' _iv,'n an iS. +_.)-al_,'bta str_t<'tm'e as foll<>wsr" wh_,r,,_ is zm _)l)eration in E:

I. i +__+'( .4' 1},,-i ,.t ..............'+,, ) = .'l',.,<++.t. ,z,, ) if ,zt ,z,, ,U'_, all _lil+f,'t'm_t from the +.rr<>r Nvtm.nt * anll

+-t'(,£_+..... ++. ) is tletined: +m,t

.) / , /., ,.-. (,:_s/."l)b-(',_ ..... ,_.) = * if any of at ..... ,'_,, is equal to . or if .4,_(.t ..... ,_,,) is not (l+'fined.

_ call _3"(A') the single error superextension of A'F and it is easily seen thatg"(A') is a strict

E-algebra. As shown in [26]F/3" can be organized ;ks a f,m,'tor ,3": PAIg(_ v') -+ OSAlg(_) which

is left inverse to L/f' aml ri,gh a_l.ioint to l-Is restricted to strict algebras: moreoverF,3' is a natured

t r_enst'orntation.

Now wc can check that ((P'. ,_'. o)Fwith (, as defined in Appendix BF and with ,_ the forgetful

functor _> of Appendix Bgis ;t (:<m_orphism ,_._E2. '? _ :?_7_.. When the signature is ('lear from

('<)ntextFwe prefer to write _+ fur _' and to omit a_- Then the satisfaction con<lition for this

c()morl)hism is as fidl,)wsF ['or.4' #_ PAIg(TM) and {'_. e) _ Sen:'(V')F

.4" >,- (:,.,_) iff A' ___C_._).

This not entirely trivial result is proved in [26].

HoweverF a simpler relationship beween these institutions is given by an institution morphism

F_ --+ '_EE. ? that we will nuw define. Given ;t many sorted signature (D.,.X) and a partial

_-algel)ra .tPit is n;tt_tral to exten(t A to ;t supersorted order sorted sigmtture -'x ? = (D -' D". '.5,)

by a(tding an _,rror supersort d: for each sort d ¢ DF extending.4 to an order sort e<l (D U D:. A)-

algebra by ad<ling the error element * to the carrier of each supersort d"F an(l extending all partial

operations to total operations taking the value * where they were undefined. As aboveFerrors are

propagate(l by these operationsF and information about the origin of errors is h)st.

Given a partial A-algebra AF let/3a(A) be the (D U De)-sorted family given by

1. (/3a(A))a = Act for all d _ DE and

"2. (/3.,(A))d? = Ad tO {.} for all d _ D.

Then fl.x(A) can be made a A?-algebra by defining (/3_(A)),_(a_ ..... an) to be A,.,(at ..... a,,) when

A,,(at ..... a,,) is definedFand * when Aa(at ..... a,_) is not definedPfor c_ _ A. We call ;3x(.4._ the

single error superextension of AF and it is easy to _heck that it is a strict A?-algebraF and that

_3a can be organized as a functor fla : PAIg(A) -+ OSAIg(A:) which is left inverse to/da,Fand

right adjoint to L/A, restricted to strict "algebras; moreoverPfl is a natural transformation.

Now we can check that (_b,/3, a)Pwith c_ as in Appendix BPand with (b the filnctor defined

ahoveFis a morphism PEL --+ (_EL ?. As above['when the signature is clear[' _ may write " for

fla and omit aaP so the satisfaction condition for this institution morphismF foal _ PAlg(A) and

("/, e) _ Sen"(_&?)P is
A _a('_, e) iff A" _.x' ('r, e).

which is not difficult to check.
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[,+'t llS ll()W ('(Jllll_;l.l'<' t]Ic' tllfJt'])]li.'-,lll :til<[ ti., I'(_llla)t'l+hiSllt. It. is +']q'al' l'l'i)tll t+[i_' ('(HtStl'II('ti+JllS

t.hat th,','+' at'+' ltl;tlly silt,ila.,'iti,'s. [l_tt. it is al+,, ,'h'ar that /:¢ is si._,nifi<':u)/I.v siluph'r t.<>c_ntst.ruct

th;ut ;_."l" .m,l that ,[, is sitnl>h_r th;ul ,_,. It :tls,_ t,n'nts <mr that tit,, tufJt'lflkis,n satisl+_u'ti<,tt c_,n, liti, m

is si_l,ili.;tntly ,,:+i,q + t<_ <'h,'<'k r.h;uL t+l,, c<mlorlJhislu con, liti<m. .\II t.hJs s,.+.,ns t,_ <tmfit'nt ollt"

It.yl>q_th,.sis +fl>o,tt t.l,, u:t'eat,,r n:tt+_u';dity ,_l' tn,>u'I>histns over ctml,>rphislns u. •

'-['h,' Ibllowin_ exWn<Is Propositi,m 13 t,,morphisms a.n<l to c<ml,_t'iAlistt>: of COiLts,'F it. h<>hls for

all <:los,. v;u'i;mts[" an, l I>t'tu_5_ [br the, c;L.++,of D_.finition l t can b,' tb,tn<l in [54].

Theorem 26 I+'_'6" +.+ i.+o+,or'p/+i,, t+JFlat++Trel-j"vj. ,+,,l ,'o2"._7$ i++/+,J,,,+rphi," to Flat<Trel-).

Thm','fo,'+.' w,, can use tnorl)hisms in Flat+ l'-l"rel-) `,t,) inst<,a<l of institlLtion ,l,>rphisms wh_qu,v,,r this

simpliti_,s the exi)ositiotL The intuition b+Alind this is<>morphisnt in th+tt any institltti<m morphism

(,D./J. _)e>a.,-;Jtt Definition 22 com+sponds to a morphism (4). #) in Flat< ITrel-)+'P)F

Sign

,t>! Trel

[
Sign'

wh,et'e/+ : <[,:]' = ] is the natural transt;,rxna.tion defined +Ls/__"2"= (_. _+-_.i'for each _ in Sign.

SintilarlyF + can use morphisms in Flat(Trel-) inst+,ad of institution contorphisms wh++never

this sitnplifies the exposition. The intuition is that atty" institution comorphisni ,{,b. ,+._+ as in

Definition 23 corresponds to _t morphism (,I>./._) in Flat('IYel-)F

Sign

+I _ Trel

Sign'

where/.+ : I =*.4>; lI' is the natural transformation defined by/._ = (/3,-. a__.}.

The folh)wing is now an immediate corollary of Theorem 26F using Theorem 2F Propositions 10F

4 and 4F and Corollary 3; of course it holds for all close ,ariants of institutionsF and proofs for the

case of Definition 11 can be found in [54].

Corollary 27 Z._S and coZ.tV'S are both complete.

The completeness of ZA/'S wits first shown by Tarlecki in [63] for the notion of institution in

Definition llF and the completeness ofcoZ._$ wits shown by Tarlecki in [68]F again for the notion
of institution in Definition 11.

°On the other hand, it is interesting to note that it is the comorphism that involves the forgetful functor here.

anti chat the authors only uncovered the morphism recently. Perhaps such phenomena help to explain why much of

the literature seems to prefer comorphisms over morphisms.
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4.l D,,ality of [nstitlttion Morl_hisnls attd Cotnorphisnts

:\rr:ti... ;u,I Via, l,,ir,, !11 i ,,I,s,+rv,,<l l.hat ;m a, ljoiJtt pair _,t' f, tt,+t_+r_, I,,.+w,.,.nt tw<, si.e,n.tt,tt'<' c:m,e.ori,.s

in, l,t,,,s :t I,i.j,,cti,,lt l,,.tw<.,.nl :,:,s,,iat,.,I in.stit.litif,n i,u)rldlisnlts ;m<l ,¢,tn,JrlJlListtts. This ui,+, result

t'_dh,ws ,'a.'qly t't'_mt th,' t';u,'t, that the' f, ltL,:tor 'l"rel- ,'ontr:_vari;uitlv lifts a<lj,,int pairs t,+ t'lllll't,+t"

cat,,N(,ri,,s (Thv_,r,,m 7 ['via its ('oroilary 3: _l,,tails ar_, iu [5-l! ti_r tlw ca.s_, of D,,linititm l l['l,ltt _Jt"

corers,, this a,+,l ,.v+.rvthittg: _,[.s_, it, this sui)s,'ction lt<)l, ls [))t" all clos,' v:u'i+,nts of illstituti_ms.

Theorem 28 [f ,P: Sign --,. Sign' h,,s ,t left ,,(j,,ir, t ,P': Sign' -- Sign the, f,,r" ,trp// itr_tit,_-

tiotr_ _: Sign -. Trel ,trot ![': Sign' --+ Trel t/_,_y',_ i._ ,_ bij,'ctiort I),t,'ee11. i>_tit,dim_ ¢,,)r'l_/_i._m._'

(4,./_) : _ -+ 1[' ,tr_,t ,r_._ti_,ti,m ,:,,_,,rphi.sm.; ('P'.lt') : _' --" _. M,,r',.,,,','r'. this bij,'c_i,,_ i._ r,,d,_r',d ir_

The hijcctiou of Corolk_ry 8 takes a uatural translbrmatiuu _t : ,D: i' _ _Ito (q ; I:,]: ( L+, ;/.tie aml its

inverse takes a natural transformation it': _I' _ ,I)': i1 to ( Lt, ; It'): (_ ; I;)F wherer/and e are the unit

and the counit of the adjunctionF respecti,dy. Translating, that into a more institutional langnageF

by the construction of isomorphisms in Theorem 26F one gets exactly the construction of [41]:

1. Any morphism (,I). _;__), : 'I =*- I' yields a COnlorphism (_b'.3'.c_'): I f _ ItFwhere ._', =

,3+,(_.,!:Mod'I_.,-,I and ' = ' ): _ ]Sign'[.Sen t_/"' c_+,(,_, i fin" all _'_

2. Any con_orphism (,N.p".c,'): !I' :=:, II yMds a morphism (,I:'.c,. 3): _ --+ 1['F wh,-'re for all

x- __ [Signli-, _,2- Mod(,_!: ' = _I[, _:. -_ = _,___. _F(_ : Sen( _,_ ).

Example 29 The m_rphisms amt (:omorphi._ms of Example 24 provide some good examples of the

duality discussed above:

1. The f,m,:tor ,[_' ill item 5 of Example 24F frolll equational to first order signaturesF is left ad.joim

to the fum'tor ,_ in item I of Example 24F and the morphism (item I) ;tnd comorphisn] l item

.5) between th,'se institutions are (luM in exactly the sense of the construction above.

2. The saute holds ti)r the morphism of iteltt 3 of Example 24F fl'om man sorted eqtuttion;.tl logic

to unsorted equational logicF and the correspomting modification of the comorphism of itenl

2 of Example 24F fl'om unsorted equational logic to nla.D" sorted equational logic.

3. The salne also hohts for the morphism and COlnorphism of item 4 of Example 24Fbetween

Horn clause logic and first order logic.

,And there are of course many other examples of a similar kind. On the other handF the morphism

and comorphism of Example 25 are not dual in this senseFdespite the fact that their flmctors 4>

and _' are a4ioint. •

4.2 Kan Extensions of Institutions

Given a morphism fl'om its signature categoryPany institution can be translated i_, two distin,'t

canonical waysPgiven by the two Kan extensions associated to the signature category morphism.

The result below follows from Proposition 6Pphts Proposition 10Fthat Trel is both complete and

cocomplete; as usuaIF merything in this subsection holds for all close variants.

Proposition 30 Given a small category Sign and a .functor ,I): Sign -+ Sign'. any institution

II : Sign _ Trel has both a right and a left Kan extension along 4_. an,t the functor Trel '[' has both

a right and a left adjoi,t.
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'Flu' liIJliZ.tti+,llt,, '.,Itlall ,'al+,_,,ri_.s is ill:-,i_niii,:tltt f,,r lw:uli,';tl i),nl),,.,.,q,>,l',,v,.ll tl_,,ll_h it is-, invon-

_i.-,t._,nt wi_h t.lw u..,ita.I fi>rlmtl;'di,ms _)f siu, n;tt+lr_. ,';_.t_.u,_>l'i_..'..;:fin' +'x;unl>h,[' i+l l'_,rlali++u, the' c+l,le?t)L, / _)f

,'+lU:tti,,ttal .,i_tt:ttllr,,st'w,, ('a.lL t',,stl'i('t :-,ytt0,_d,,., t_, tlt<_s( + tha.t ('(ml, l I,,, _,×l_l_,,..,.,_,_[itt .',s+'tl[',+r in a.tt

i,h,aliz,,,l [TI'I,]X[" wl_i_ :m' <'oltt:al,l,' :-,,,ts.

[.,,tSCat ,l,'n,)f,'_h,'raft,gory_)t'_;_.llca.t,,_,ories[',52"+_,',.':th,'cat,'_,Lv,ffiJ_._tir._tiol_s ,:,,'rsmall

siu, t_;tt I_t_'<;d,'g(wi_'s a.n,I i_t.-,t.it uii<tn m,+rpliisnts[' ;m_l,'+):_f)v': the <';tr,,g<)Ly <ff instit,[tions ,,w,r sma.ll

sig_,:tt,tt+, <.:tn,g<>ri_,s ;m,l ittstitui'ioti ,'ottuJrI)hisms. Sire'+; SCat is b<_th cotuph,t_, ;m_l <'_,COml)l+:t+,r

;uul silt,',, Th+,or+,m 26 can b+. a, lapt+'<l +t(_ ,at+,_<)ri,,s <)t"small sigtiat,tt_'..,Fw+, ha.w, that, S..r.\,5 ;m<l

.o_Z.%'$ ;u-. I,,)th rOml)li,t,,+ Alth(),t_h w,. ,h) n,,t know wlwth,,r ]3/$ a.n,l ..Z.\'$ ;tt_, r,)(l.,ml)tetpr

the f(dh,wiu:_r iu [5-I] thr the _:_ts_' _)f D_4iuition I.I.F is sutiiri_aff_)r pra.c_'ical l)uri)(_s_'sF a.ml h(dds for

any ('I,_s,, v;ui;tut ()f tit,, il>tit_ltion ('(mc_.l_t:

Theorem 31 $'Z._,'S and coSZ.\'S ,_r,". both ,'m',mtpl,,t<

5 Theoroidal  'Iorphisms

This section considers generalizations of morphisms that involve mapping theories instead (if just

signat_u'_,s..-ks ah'_,a(ly mentione, lF the "maps" of Meseguer [43] are comorphi_ms generalized in this

wayFwhi('h ','.,'e call "'theoroidal.'" We will consider completeness and cocompleteness of categories

with tl]eor()i(l;tl (co)nmrphisms. W_, first define the theoroidal institution of an institutionFan,t

then tlworoidal morphisms: both tlws_, ('on('_'pts semn t() be newPand like all _.lse in this sectionF

they _zem'raliz_' to all close variants of instirmious.

Definition a2 The theoroidal institution 7 'a of _m institution 7 ={Sign. 5,lod. Sen.-=) is

(Th.}lod 'h. Sen t:` . _m)Fwher_, Th is the cat_,gory of theories of 2Flk, Iod _h is the extension of

l_Iod to th,,oriesFSen _a is siytn: SenFand _' is Siyln: _Fwhere si.qt_: Th ---, Sign is the fimctor

which forgt,ts the sentences of a tlworv. We lll_ty omit superscripts thF so thatt _th appears as

(Th. 5,Iod, Sen, _). •

It follows that theories of I th are p_tirs (_. F_ )./:'2) where F_. F., are sets of _-senten('esFan,l _hat

the l.no([v[s of (,(_. Fi ). F.2 ) ill _t:, are (Z. (F_ kJ _2))-nto(lels ill _. The following natural notions _u'e

intportant for this se('tion:

Definition aa Given institutions I and _"F_t flmctor g' : Th --_ Th' is signature preserving iff

there is a fimctor (I)° : Sign --+ Sign' such that ',I):si:1n' = sign; 4#_. SimilarlyF a functor ¢' :Sign --+

Th' is signature preserving iff there is a flmctor 'I) ° : Sign --+ Sign' such that (I); sign' = ¢b". •

The reader can check that _<' is unique if it exists. Now we can introduce the main concepts:

Definition a4 A theoroidal morphism (eomorphism) from lI to lI' is a morphism (vomorphism)

(,D./_, O) froth _th to _'th su.ch tb.at 'I>is signature preserving. We let thiN',5 and thcoZ,._:5 denote

the categories of institutions with theoroidal morphisms and comorphismsP respecti_.lyr and _e let
: tnx.vs z:cs and _tn : thcoZ,M'S --+ cog'A/',5 denote the _sociated fimctors to Z,*v'S and to

coZ:¢'SF respecti_ly, i

To be explicitPthe theoroidal morphism satisfaction condition saws that for any lI-theory (E. F)F

any model m E Mod(g, F) and any fornmla f' _ Sen'(Z')I" where Z = ,I)°(-P.)F

m ifr I'r'
while the theoroidal comorphism satisfaction condition states that for arty il-theory (Z, F)Fany

model m' _ Mod(E', F') and any formula f _ Sen(g)P where Z = ,I)*(g)P '
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,S_,_.u_In,')_ ./' ill" n� _, ,_,_I/').

It. is i,um,,,liat.,, t.hat io,stit, lxli4.L.s witl, th-q_r, fi_lal m_n'lAlisnus (,_i' ,',mu,rldJi..msl ti,rn, a c;m,,_(,n'y, t3ut

,l,.spit_. tlu, simlAi,ity ,d' l),,tiuiti_._ :IIF it. u;m I.. ,littiuldt ta, hq._'k the-;;ai...t';u't i_m .,,_uliri,ul ,liwctly:

I._w,,w,rl'it fol'tutn;tt, l,ly r_',lm,,s t,_ ch_,.kin_; that coll(liti_m fin" .just the I'lllpt_" tl.,.ri,'sF a._sl.,wu in

tlw w,xt, two x'_'s_tlts:

Proposition 35 Gh,,'r, in._tit,d,ms _ = (Sign. Mod. Sen. _) ,w,t _' = (Sign'. Mod'. Sen'. _'). ,

._;il./rlahllt' pr,'.,;vl"l,it_!t f,n,'t,,r 'P: Th --- Th'. ,t w.tlu'al tran._f,,"m.,tt,m /:¢: Mod -_ ,F: Mod' ,,wt a

m,t,r,d tr, m.sf,,rm,tti,,n ,r: 'l,: Sen' _ Sen. thou (+.i4.,r) is ,t tk.,'orot,l,tl mot'pht.w, if and ,)ztl.f! if

,,, iff .f' -

fi_r an.q ,'mpty thuor!/ (v'.t_') _2 Th. ,znu ,,.,,t,'l m _ Mod(E. t0°) ,uul ,W:l f,w,t.,6,e ./" _ Sen'(Z').

Proof: The "'only if" part follows from the definition of theoroidal morphisnt. ConverselyFlet

(Z. F) be any theory in ThF letm E Mod(Z. F) and let f' e Sen'(Z'). Then

rt, _ os(f') itf ;3fZ.O.::(m.) _, f'

iff Nlod'(q)(',))(3t,2_.F!(m)) >_, f'

iff ,31,2.F;(rn ) _"2' .f'

where _ is the theory inclusion Iv'.O `) _ (_.. F).

(by hypoth*'sis)

(by the naturallity of/_?)

(by the satistaction condition in J')

[]

Proposition 36 Gi,'e'r_ in.stit,tion.s _ = (Sign. Mod. Sen. _) and a' = (Sign'. Mod'. Sen'. _'). a

sigu,tt,re preserving furn.'tor ,b : Th _ Th'. a n,ttural tnmsform,,tior, ,3 : _: Nlod' -=_ _Mod and ,_

n,etur, d tretr_.@,'r, ation _, : Sen _ ,b: Sen'. then (,k 3. '*) is a theoroidal corrzorphi._rn, if ,u,l only if

3(:.Oo;,(m') _: f iff m' _, c_:(f) .

for any empty theor'!l (Z. 0 o) _ Th. an!l model m' E Mod(_(Z.0")) arid arUl for'mula f _ Sen(Z).

_vher'e Z' = _O'(Z).

Proofi The "'only if" part tbllows fronl the definition of theor,)idal comorphism. Conw.rselyF let

(Z.F) E ThF letrrz' _ Mod(Z'. F')F and letf E Sen(Z)F where ,_(SF) = (Z'. F'). Tlwn

I

where z is the theory

iff /3(,2.Fl(m' ) ___. Sen(0(/)

iff Mod(t)(_3(,s.F)(m')) _'2- f

iff /3(s,zo)(Mod'(_(,))(m')) _.-: f

iff Mod'(rb(,))(m ') _', as(f)

iff m' _), Sen'(4)(_))(az(f))

iff m' _', as(f)

inclusion (E. _)*) _ (E, F).

(Sen(O is an identity)

(by the satisfaction condition in II th)

(by the naturality of _3)

(by hypothesis)

(by the satisfaction condition in _,tn)

(Sen(_b(_)) is an identity)

[]

Meseguer [43] defined _° his maps as in Proposition 36Fbut with the additional requirement

that _I) be a-sensible_tFwhich seems not only naturalFbut also technically desirable for proving

properties beyond the aboveF as in the follaving:

Conjecture 37 With appropriate restrictions on morphisms, such as sensibility, thSZN'S and

thcoSZfl/'S are complete and cocomplete.

t°However, Meseguer used presentations instead of theories.
t tThis essentially means that ,I, is completely determined by its restriction to empty theories and o.
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5. I Simple Thorohlal Morphisnl._

'l'l,_'r, ' i.s ;tl, iml,,>,'i;u,l sl,,'ci:,l ,':,.s_.,d" th,',,r,,i, la[ cc,m_,,'ldzi._nl iilal ,d'tcH _.'_,irs i,I l,l':uih','['c:dh.fl

"'Siliildl '''I-' }iV Ml'._,,_iier [-131I' ill;a ui:q)s sijgnaiur,.s t_l tli_,¢Jrii's illSt,';L,l _d' r.ii,,_,ril,._ t_, ill,,,,lil,s:

Definition 38 :\ simple theoroidal liiorp|iibill lt:Oiilorphi$lnJ fiolli 7 I_ 7' is ;t Iil{Jl'i)lii.siil

(Clllli(ll'phiMll) ('[J./f. ltl ['i_lili _ t(i 7"h Slll'ti tli;tt 'lJ iS ._i_ii;ttllrc prcservili_. •

No\i('(, I_lia_. silill)l(' tll('()r()i,lal (c())uiorphisnl._ r(,(lii('(, i:() ()r, lin;uy (('o)ui(Jrl)hi._ni.,, wh('l'(' ._i_4ii;i, tili'(',_

iliitp t(I th(,orh's with ii(i ;I.xi()uis. :\ls() n()ti<'(, thai the siUllfle tll,,()r(ii, laI lil(irl)hi.',lil sltli.sl'_u'tiou

c_m_iiti_m says i;hat [lJl' ;i.ll.V si_lia.l, llrl' _ _ Sign['itlly ni¢)llt'l m +-2_/_[odf_) awl ;/liV [}/l'lllll[:t .ft E

Sell'(_')r' wh,,rt, _ : ,[_:{_)r"
I

m _E ,Is!'f'l itf :Trim) _, f' ["

whih' the s_ttist'_u'ti(m condition for a _illipie tlu,ouohla[ colnorplii._ui .,.iU.ttes that t'c_r _-tlly _ _ Si[_nl_

any Ill' _ Mod(E') allll itll.7 ['OrllllllD f { Sen(_.._)F where v_: (P:'(_jF

t3_(m') ___.: iff ,n' _', a,=_f.f).

If (,P.,3.¢/): 2 -+ 2' is a simple theoroidal niorphism of institutionsF thenlet ('D..3.¢_i '_ be the

theoroi,lal niorphi._ni ('_th,,yh.(lCh) fi'OIll _ tl.) _' defined as 4)thIE. F) = (E'. (_:t_t(F) U Ff)*) for

each theory (E. F) -: Thrwhere 4)(E) = (E'. Ff)ri.e.rF_ is the set of I'-senten,'es associated by

'_ t'm$ : i7,- m) for each (E. Fl-niodt'l mFand _th is4) to the _.-si_li;ltur_, v'Fand where also ,3(_.r: ......

i,xactly _. We let flit, l',a(lt,r check that in¢tee, t ,D_s' is a si/n_ttitre preservin_ 4 filllCtor ;I.ll(t that :7fh

;ul_l (-_ are n;ttiiral transliJrni;ttions. The sariM, u'tic/n clm<lition tbllow._ by Propo._irion 35 using

tli;tt "?#' is exactly .3,_.,_ .0 . -
The most natural way to compose siniple morphisms is as in Kl_isli categori+.s[" that isFto

compose the> Hi'st siniple theoroidal morphisni with the extension of the second to ;t theoroidal

lllorphislli. More preciselyFgiven two sinlple lliOl'phislliS of inbtitutiollS (4)l./Jl.+il) fr()lll ]i r_O _:2

and ('I_2.,,_?2. cg?) fi'om ] 2 to iIaFtheir composition t<I)l..31.al): {'I)2.,__. a2) is defined as the insti-

tution niorphisni ('[_t-dl-al}:(_lz2 32 <_.2)t_ ti'oni I1 to il__. Untbrtunatelygiil order to prow the

associativity of niorphism conipositionFone has to show that ((,Pl./Jl. cq ): (_I):2._J'2.o2. I_/' )tb equals

(4)1. ;3i. (tl)": ('I>2.3_. c_2 )¢hF whih doesn't seem to fi)llow withont further assumptions: at this timeF

we don't know what the weakest requirement.s shmlhl be.

The situation is better for simple theoroi_lal comorphisnisF because here 4) ando go ill the same

direction: indeedF simple theoroidal coniorphisnis form a categorywithout any additional assump-

lions. If (4)./3. a) : _ _ Y is a simple theoroidal comorphism of institutionsF then let ('I'9, a) t'_ be

the theoroidal comorphisni (_th.13th, 0 th ) froln lI to _[' defined as Ot^(E. F) = (V'. (o,2(F) U Ff')*)

for each theory (E. F) _ Thr where _(E) = (_. F_)F/3_h y)(m) = 9:(m) for each (E. F)-model mF

and a th is exactly a. We let the reader check that indeed 4)th is ;t signature preserving filnctorF that

/_th is well defined (the satisfaction condition of (4)./3, a) is m_ded)Fis a natural transformationF

and that _md cd h is also a natural transformation. The satisfaction condition follows by Proposition

36 using that ' ths31_.0o ) is exactly r3:.
Siniple comorphisms can be composed as expected fi'om KleisliFcomposing the first with the

extension of the secondFi.e.Fgiven simple comorphisms (4)1,/31. cq) from ll to _I2 and (4)2,/3-2. a2)

from II2 to IIaF their composition ('It, Dx, cq); (4)2, ]3"2.,_2) is defined to be (4)t. fit, tit); (4)2./0"2.. c_2) _h

from lit to II[_. To show associativity['one must show that ((4)t./3t.ot);(4)2./3.z,o2)th) th equals

(4)t,/3t. _l )th; (4)2./32.. o_,)thF whila after some calculation reduces to showing that

z'Z%Vehave not yet thought o[ a better name for this, but we do feel thllt one is needed.
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('r''.::('ri'" {/"I.... l_('_'",I "_}r]. - _,) )*)° = I'r""',ii'_n.:'-_(/"ll!__.._. :-_1"913 ('_ '

wh,,r_. 'l't{_i I = ("' ":_ '"_-'" /'0 ) ;_.a,l q'=,[":-_,) :: "_::;. t'_,(:1[' ;uz, I wh,'r,' tlL,' I;t...t ;,..._,.ll h,l, li,lhw_ t'r_)l. 3. ,_1"

Proposition 39 /f I'l s'./L _) is ,I. ,'...,rptls._r. (_Jr a. _mpfi' Hz,.r.l,t,d ,'. m.rl,hi._m .r _L th,'.r.i,l_d

.'.m.rl,l,_._._ .,f ir_._l,,,,/i...._ ft.H, _ t. ,[' .u,,L l" i... ,_ ..._t .f _-_.'r,t,_.,s ,._ ._. I/,.'_, ._.:(/:') _= _.:(/:'t"

,tmt _r_:i F'° _" = _( F')'.

Proof: L,_t ;_1' _z' ¢rL-iF')[" wh,,t',, _ = ,D<_) ill the' .a.'_' <)f _'(,t,l,_rl,hisitts ;UL<IZ' = <I>:IZ itt the'

,',t.'.' tJf (sitH[)l_') th,'_,r(fi, la.l .,mt<wl)hisms. Tl.,It r.' __, ,r_l F'] ift" (I,y the' satisl:'wti<,tt _'_tt, liti(_)

,3,:_(m') ___. F' iff ;¢.+.d) __. F ° il'f It,y the, s;tti_t';wti<}_l ,'(m(liri,,_t! ._' _, ¢_,:(F'°). Th,,r,.fi)r,,

,rE(F) ___., ,r__.{F°)[" which pr(_w's th,' ilwlu._i(m. "Fh_'IL tilt' _'_t_lalitv i._ iittlu_',li;tt_'. []

Example 40 We consider the relatioHship betw_,cH ':F_LE aml ?¢L'_LF ,resorted first order _'(l_ational

logic with _tlld without equalityF respecti_ly. First observe that there is a very simple and natural

lnorphism _LE -+ YrDLF where the flmctor ,I_ forms the disjoint union of an .F_LE signature

Z with the symbol "=": for notational convenienceFwe may denote this signature by v'= and we

_u_,tm_ that "'=" <h)es not occur ia any F'_LE signatureFbut is reserved for equality in Y'L_LE

sentences. Give'n an :F_LE sigmtture Z an(l a ,Y_LE Z-model 3[F we define i3_(:'tI) to be the

,b(Z)-mod,'l 5[ = with the equality symb()l interpreted _ts a(:t_al identity in M: it is ea._y to see that

._ is natltr;d. Giwm any _L'_L H=-senteni:e f'Flet _2(f') })e .j_st ./'Fbut with "'='" now viewed as

the, synll)_l us,,_[ it)fi)rm equltti(mal _ttoms. The satisfactiim ('_x_dition fi)llows ea.,_ily.

Althou_h it is c_'rtltinly very simple ;trot naturalFthis morphisln fails to capture tlw t'_tmiliar

trick of _tXii_llLatiZill K equality wh_'n movin_ front P_LE to ?_LFa.s is n_,,,de_l to use _t fil_r order

tlL_'or_,m pr_ver on the translations of .'YwSLE sentences. HoweverF it is ea.sy to exton, t it to a

simple th_'oroi_lal morphismF thetheories of which contain axioms for equalityFsuch as r_,flexivity

an, l symm_'try: left the signature map seml H to _I_(S) = (,I)(Z). T(E)) wlwre _b is as ;t['_t)','_' and

wlwr_' T(VZ) is a ff(v')-theory of equality. But ther_ _ is s(_tn_'thing strange about thisFb_'cause the

satisf:u:tion comlitioz_ hohts m) matter what axioms wt, _ziw,Fiacht_ling nora, at all -- unl_,ss some

of th(.qn al'e wrt)ng.

Ot_ the other hand[' toview this situation _ a comorphismF it _mst be simple ttworoidal with

equality a.xiomsFfor the satisfaction condition to hold. We use _I_as above for the si_n;tt_Lre to

theory mapF and gi,en a FOL _(Z)-model M'F ,,e define 9:(M') to be the reduct M'[_: it is easy

'to see that ,3 is natural. AlsoFgiven an FOLE Z-sentence fFlet c_,_(f) be f with "=" viewed as

the new predicate symbol in 2 =. For the satisfaction condition to holdF the axioms inT(E) must

be strong enough to force the equality symbol to be interpreted as identity in models: this will rely

on a completeness theorem for equational logic. •

This example helps confirm our hypothesis that morphisms are usually simpler and more' natural

than comorphismsF btlt it alsoshows that nmrphisms may not encapsulate all the infi)rmation we

want to have available; the theoroidal morphism is simple and naturalFand it can include all the

infi)rmation we wantFbut it is curious that this information is not necessary. The comorphism

is more complex because it needs a complete set of e(luality axioms over the given signature and

relies on a non-trivial completeness theorem. However[' _e have also seen that the notion of simple

theoroi(hd morphism is rather complexFperhaps even problematic. Clearly there is more work to

be done in this area.
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fi Forward h[¢)rphisnts

[_,,tll ilL'-.tit,,ti,,n tlt,,rl)hisms :ul,I ,'*,tK,_,rl)hisms h:v:,' tlwir ._yllt;u'tiq' :m,l s,.ll,tntic c()llll),_tt,'nt.,, :::q)in_

ire _q,l,,sit._. clir,',t.i_,tts. [_,lt th,,r,, ;u- ,'x:tml_h's wt,,,r,, it sq,_,,,l.,, t,atm'al ['(,r t.h_.s(, _:_ in th,, s.un,

,lir_,cti_m. W,, will Sl,,.ak _,[" '5,rw;u,l lu_,rpl,isuls'" wh_.u I)ot.h _,o in the. t'_a'w;u',l {lir_.,tion. The.

ti_lh)wiuc: is tlw th_._,r_i,l;d w,rsi,,ll _,t" this ,,,nC_,lJt['th_JIt_h th_,r_, is _Jt"c_l_ts_, also ;t v,,rsi_m at t[w

or_liuary b.w,l: ;ts _ts_t:tl[" ,,vr_:thin_. w,,rks fi_r all ch,s_, v;u'ia,_ts[" at both tlwst, h,vls:

Definition 41 C, iv_qt instit_ttions _ = tSign. NIod. Sen. _=t ;m,l _' = fSign'. Mod'. Sen'. _'tF th,,r,

a theoroidal forward institution morphism['from "_to ]'[" v(msists m,f

,b' Sign _ Thl .:') is _,i_,n;a_m, l)r_,.,,_.rvittgF

• ._' Mod =. ,I): NIod' is a natural trausfi)rmationF anti

• _ : Sen _ ,I,:Sen' is a natural tr;u_sformationF

such that fi)r any signature 2 q SignF a_ sentence .f _ Sen(Z) and any ntodel m : Mod(Z)F the
satisfaction condition holds

m _,_ .f iff 3,=(m) _,'_f'=_ ,*'z_(f) •

Example 42 Th,,re is a Ilat_tr:_tl relationship between the two instituti()nsF_ELt an,l _-,_-L.2Ufor

hidden equational lo_ic that arc des('rib_'(t in Appendix C:

• sillc¢, C()ll_l't[*qlt op,,rations are d(,clar_,_l as S(,lltpllC_-,s[';tllV si_n:tt_tl'¢' ill the first institution

tr:tllslat(,s to a si)(,cificati_)ll it! t]w St'('()II*[:

• any mo, lel A <)t' I Z. F) in _he first illstit._ltioll gi'¢_'S a lllodel of the secomlF nanl,,ly !4. -_):

• any (_. F)-s¢,tm,nc(, is a _-sentenc<

and we can see that tbr any (r'. F)-sent,'n :e f and any hid_ten Z-algebra AFwe got .4 _ f iff

1,4. -_) _ .f. All tht'se say that ttwre is an theoroidal fin'ward morphism fl'ont ?,2_L_ to ----7-,-2. •

Of ('ours¢,F _ can also (Iefine forward theoroidal comorphisms in nlllch the same wavF _,s _11 _u_

simple tlworoidal w, rsiolisFand these will work for all ch)se variants. Xh)r(,ov(,rFwe can "'untwist"

the d*,finitions and rt,sults about twisted r¢,lationsFinstitutionsFmorphisms and comorphisms to

obtain forward versions of all the main resultsF including completenessand cocomplet('ness of the

categories with institutions zks ob.jectsF and with morphisms or comorphisms.

It is easy to give corresponding definitions for backward notionsF but this is unnecessarjF because

a backward morphism is just a forward comorphismF and a bakward comorphism is just a forward

morphism; because of these relationshipsF it is not e_n necessary to introduce the terminology.

7 Semi-Natural Institution Morphisms and Comorphisms

The following weakens comorphisms by eliminating one of the naturality conditions: as usualF

everything in this section holds for all close variants.

Definition 43 Given institutions _I = (Sign. Sen, Mod, [:=:) and ]I' = (Sign'. Sen'. Mod'. _')Fa

semi-natural institution comorphism (_I,. e_,/3): _ _ II' consists of

• a functor 'I) : Sign --+ Sign'F

• a family of functors/3 = {d,= : Mod'(,I)(E)) _ Mod(Z)}_lsign I F and

• a natural transformation c,: Sen _ ,I); Sent
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:-,,,,h that f,,r ,w,.ry __;_ ]SignJl',,,' ._ Mo.tl'¢ '['c _.t):m,I .f_ S.ent 'Z J[" ,.I,' t;,ll,'_'iK_ (co-)sa.tisfaction
_'ondition h_,l, ls:

!

,_,.[m'l F_ /' itf m'_.l,_:.,_,.¢/'t.

"['ll_' 1.4nt t_, u_,t. I.,r,, is tll.tt. ,f m',,_[ nq_t I)_, u;dur;d: this Hm, lit.i_m is ]l_r. s;disth,,l in som_,

fr,'_' sul_er,xt_.nsi_m of ,_ I_;u'ti;d ;d_,,,I,z':_ t_ ;m _n,h'r s_)L't._,(I;d_,l,r;t [26] _iv,.s ri.,,,, h_ a svtlti-ll;tt.lLr:!.[

illstit Ill i¢_11 (:()lltorl)hislll.

Example 44 .4.u(,th,,r tt;ttur;tl ,,xt);tnsi,,n (_f,t l);ntial al_el,r:t ¢(_ ;t SUl)º'rs_trt,'¢l al_,_,br:t is t.h_, free ¢'x-

t,(,nsi¢,uF which fr_,(,ly ;u[(ls SUl)ers,,rr,,_l t,'rms for Ol.,r,tti(ms w'hm_ th_,y ;u'_, ,m(h,ti_l,,,l. W,. tbrmaliz.

this .onstr,u't.iou in the, t;dh)v.'in_.

For ;uO" s_l)-rs,)rt._',l sig;u:ttur_, (5". Z) ;m,l l);u'tial IS'. v")-al',4,'},r;_ .4'F I_'t.,iE(.4') I,, the sm;dh.nt

S-s,)t't,,_l family such that:

[. I,;¢s(.4'))._, = .4_v for all ._' _ S' - b,t us call the eh'm_'nts of (J_(A')).,, the pure elements:

2. Js (-4')_' C J_'2(.4')._ whenever s _ _< ._: and

3. (r(at ..... _z,,) is in ___.(.4')., an(t is called impure whenever any of at ..... a,, are impure or

.4v:,(,q ..... ,z,, ) is not delinedF whvrec_ : a' _ ._ is an operation with Iwl = n and where .4_, is

th,, partial map whi(:h interl)rets or: w' -+ .s' in .4'.

Th_,n ,_,_:1'.4') can be given all 1,_'. E)-.:}.lffo]')l';;t structure _s follows:

t. I ' ,, .............,_?,_1.4_i)_ ,zt ..... ) = .4"(,zt. ,, ) it',z_. ,z, are all pro'(' amt .4,_(,z:.' ,z,, ) is define, IF an_t

")_. I:gEl.4/ll,,i,*t ..... _z,_). = o'(_z 1 ..... ¢,.,: t if any ()fa t ..... a n are impm',' or it" .4"(_t. t ..... ,l,:) i.- n()t

&'fin(',tF

wh(,rt, :r is as above. We ('all the (S. _)-;tlgiebra 3_(.4') the free superextension of .4'..-ks shown

in 12¢i]F;_- ,';tn t),, organize_t as ;t fun('tor .:_E: PAlg(_') --+ OSAlg(E) which is h,ft invers_ left

ad.ioint to l,l_ When the sign;ttltre is ('l,,ar fronl the (:ontoxtF we prefer to us_, the, notation :

instead of o'__.

Altho,_gh all these constructions are very [l;-ttlll';t][":'_] is still not a natltr;tl trausf(_rn_;tti(.m. To see

thisF let_ = (f. ill: (St. _) -+ ($2. Xe) be a ntorphism of supersorte(t signaturesF and h,t.4' be a

partial x_'._,2-algebr_t. Then the fl'ee superextenshm of the _0-,'educt of A' involves operation symbols

in _t but the g-redu('t of the free superextension of A' involves operation symbols in C._,Fso that

these two E_-algebra.s cannot be equal. (HoweverFthey are isomorphic it'_. _ is iniective.)

Now the satisfaction condition for the senti-natural institution comorphism from _EL: to ?EL

can be fornmlated as follows: for every A' E PAlg(C _) and (7, e) _ Sen?(E}F

.4': D--. (';,.e) iff A' I=__(_,e) .

This result is prove(! in [26].

Although the relationship between institutions is not (luite so neat for the fl'ee superextension

construction as for the single error superextension of the previous subsectionFthe former is more

useful for many purposes[' because it preser,es informatiou about why functions are undefined that

is very usefld for doing proofsP as _11 _ for other purposes. •

The notion that we call semi-naturality was introduced in the context of membership equational

logic by Meseguer with his "general maps of institutions" [44]F wher_ is not required to be naturalF

but only a signature indexed family of functions[' just as with_ iu our Definition 43. At presentF it

is unclear how important senti-natural morphisms or comorphisms may beg or what are the general

properties of their institutions. For this reasonPthe fact that we do not know any examples of

semi-mttural morphisms may be another point in favor of the morphism concept.
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8 S1tztttnary arid Fitrther Research

Nl;tth,'t|,;tti, i;tils[*;ttl,J ('V,'l| h,g, iciatt.'.l'lt;L_,*,' nl,,t sltq,wn HIIL('Jl i|l/,.r,'st ill th,' th(',,vv ()f iltstitl,li4)tts["

I),'t'h;q)s I,.,;t,n.',,' t h_.iv t,'tt(l,'tt('v tc),,v:_n_ls [>l;tf(tnlistt| it|olin,.| th,'nst r(, l>(,li,,v,, t.l,;tt t h,,r,, i.,,i_|.,,t ,)t|,, tcnn(,

I()giic ;ut(I t_|f)_l('l tl|,,()|"c: it. als(),l,>,.s,|'t zx|lt<h It,.l t) th;lt i,|st.itltti,ms |ts,. c;tt,*g/(,r.v tln,.,,vy ,,xt('nsively.

()It t.ll,' otit,,r it;|troll' cotttl)llt(,r sci,'ltists[" h,_,,in_ I),.,,n ti,ccil)l'¢ itnpr_'ss(',t witit tl],, t_(',',l to work

with ;t n,tHt},('r _)t" ,liff,,r,,ttt h>g,i,'sF ()t't,,tt t'_,r wry pv;_ctic;tl t'ea..<(JnsF I],'ve writt(q| I|utt(h'e, ls ()t' p_q),.rs

that ;tl)l)l.v' ,Jr t')trrh,.r ,ie,,'ehJp tit,' th('ory ¢)f ittstit.,]ti()ns. ||stir,trio| tttt)rpl|istt|s ])(.('(.)ltlO ('specially

reh'v;u|t wh,'n ttt,tltiph* i()_ical svst('_|ts tt,,(',l t() b(' _]s('_l tL[" tit,' sattte ;q>piiv:tti()nF;ut(l sot,teit(_w

c|)or¢lin;tt,.,If' ;ts ot't.,,n ()cc_t's in cotttph.x syst,,msF u,'her(, (liffer_'ad()_;ics a['t' use(l t_>r,lilfer_.nt a.,-;l),'ctsI-"

incht(ling: t',t[tct.i()n;_l r<,(itt r,qtt,, t.sE's;tfpt.v ;ttt_[ liv(,tt,,ss i)r()pt'rtit*sFt'()tt('ttrl'('tt('v ¢'ot_tr()lFte;tI tint_,

r(,sp()ns(,t _ ,l_ta .t+'p,' ,l(,siu;nF ;_n(l ;u'lait(,('t)tral stcu('t_n'_,.

W(, wt_,thl like t() ptnpha.size (:et't;tin p(_itxt.s lll_)+(l() ill th(: bo(l_' of this l.);).p('r wlti(hFtho,t_;h not

r(:aIly new[" do seem insuffi(:ietlly appre(:i;tte(l in tlt(' ('urr(,nt lit(:ratur('.

I. The notion of institution etksil.y accomo(lates inference for Iogic_d systems: this w_ks already

note(l in the b;tsic e_trly p;).per on institutions [29]F_tnd this theme is further developed here

with our notion of "'close variant." This fact makes it )rtmet:ess_try to c()ml>in(' institutions

with other[" mor(' f;uniliarF m_ifinery to h;u_dl(-: i_fference.

'2. It is (,;tsy to _t(l(t a notion of inclusion to ;t ('ategoryFand hence to ;tn instituti()nt-';_.nd this

('an gre;ttly sitnplit}" ntany typic_tl applic_tti()ns ()["institutionsP su6 as givi)_g senianti(:s to a

sp(,cifi('atti()tt l;t:t_)_;tg(,. In (*v(,rv single pr;u'tic;tl (_x;tnlple we knowF the cate_;¢>ry ()f signatures

h;ts ;t tt;tt.ural a_t(l (>)>vious notion ()(" it_<'l|tsi()nl-" s() it is quire h_trntless to;tss)IH_(, an i_('lusive

institution wh(,H (l()itt_ spe,(:ification sem;mtics over ;u_ arbitr_try instit|ttit)n.

3. In many (';m(,sEinstituti()n n_orphisms in th(, ()riKinal sense [29] provide n_or(' natur:d forImt-

lations of important rel;ttionships b(,twt,¢,t[ institutions than more rpceut notions.

4. Results al)(>|tt institutions can often be pullt,,l t)itt of ;t general (.'ategori('al hatY;tfter a little

tl'_tnsl:ttion[" 2;et_('r_tliz;tt.ion ;tnd_/or n];t.ss_t_ing. IndeedF "_ are now often left feelin_ )insatisfietl

tlnless vv'(' If;iv( + lll;l.naged to d() this for (>(tr m+tjt)r res_tlts. Th(: use of itt([+,xt'<t c;ttt,xories ill

Section "2.1 is one good ex;unpleF the it||alia" of ntorphisms and contorphisms is :tn(Jtht'rF and

the construct|oH of theor(>id_tl morphisn_s an(l comorphisn]s using the th('(_v()i(tal institution

is a third.

In this paper we have tried to bring some additional order to the menagerie of morphisms

between institutionsFstarting with but not limited toF an improved taxonomy for the various

genres and speciesF bringing out some unexpected relationshipsF and some new propertiesOur new

nomenclature includes the forms co-F semi-F theoroidalF and fore.IF an'tong whi6 all combinations

are meaningfulFand some special ca.sesFsuch ms simple. All of these couhl be ;ulapt('(1 to various

institution-like formalismsF but ,,¢ argue that there is no good reason to do so.

As is often the c_eF it seems to us that our res(:_rh ha.s opened far more questions than it h_m

closedF including the folloging:

• One general cl;_s of questions concerns properties of the various categories of institutionsF

the most immediate of which is how complete and cocomplete they are. Another question isF

which ones can be seen as flattened indexed categories'?

• One can also t_sk for each category of institutionsFwhich of its morphisms admit Kan ex-

tensions? HoweverFone should ;dso ask for interesting applications for translating a whole

logical system along a mapping of its syntax in this way.
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,. '1',, wl,at ('xlf,lnl ,h) I]1(' v;i.ri(HI.N m,,rl,hi...m.., nlllq.)rl l,l_(' u'('us(' ,)t' I,,_i,s awl tll_'(w('lll IW,)v_'rs ill

)1,,' _.)VI,' _.,,_.._,+.t,',l in [:29] ;m,l hm.r in [>';]:'

• '[',, what ,.xt,.m ,1,, tl., v:_ri, m._ I._,rl)hism.'. '_utq.,rl th,, "(,.'.:lr:t ),lt_.()ry m(,rl,hi_.ms" :m,I "(;r()th-

,.,_,li,.ck c,)tR...i.r,,(')i(.(" (,t" [)i;u'(,t.....,',_ in [15J;m,l I2l)l[' r(.sl,,,,'tiv'ly':'

• t+'inall,/[ ' ,.l,, nii_li '.v_m,li,r about a.lqJlyin_, 1:1.. nl;whil..ry (,t' t,llis i);q.'r to tim rald,lly (,v()l,.'in,_

ti(+l ,ff c()al_(.t)r:L F_)r (,Xamld,'['vm.ll, l th,'r,' h,, any val,l(, i'() .,)i,_til,ti'.i(,,isF()r t() _l_alizin_

th,. m;m.rial in AIq)(,n, lix D':'
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A Partial Equational Logic

[n this al)p,,zt, lix w'_, pt'+,s_,ttt two different ;tlg;ebraic ;tpprc);u'hes t<J p;trti;dityFom, h;_e,l t>n p;trti;d

alg_,t)t';t ;tad th_ ()t.lwr b;used on or_ler sort_'d algebra: we also give the cort'esl)(mdin _ institnti<msF

fi)llowin_ [26].

A.1 Partial Algebra

Given a nt;tnv s<n'te_l signature _F +tpartial _-algebra .4 is just the same _ts an ordinary _-algebra_

except th;tt the interpretations of the symbols from A in A may be p,_rtial functions instead of

total fitm:tions. Note that even constants can be partial - whi<.'h means they are undefined. Given

;t nt;tJ_y st)rte<[ si,,ztt;tt_tre AN let PAlg_ <len,)te the category of all partial A-alg;ebras with tota]

_-hottLom(Jrphisttts. [Jnfl)rtunatelvFthero are in_tltiple choices for morphisntsFwith no clear way

to _te('i<h' :tm,>u,_ th,,m: fur exampleFhon_omurphisms might be imlvx_'<l sets of partial fitn('tions.

I-[t_weverI",.w, ('h<).se t<) r_'(lnire them to b_, total.

Two cl;_qsi(, r('fi,rences on partial algebr;tFby Hot'st Reichel [51] awl Peter Bm'meister [3]Fare

excellent s()_trc_,s fi>r partial algebra and satisfaction. More recentlyF CerioliF.Mossakowski and

Rei<'hel in t,lwir survey [9] argne in favor of p;trtial satisfaction and a_ainst _,_pe<'ts uf or(l+,r started

equational logicF particularly retracts.

A.2 Partial Satisfaction

One of the frustrations of partial algebra is the confusing plethora of definition_ of satisfaction.

We only consider satisfaction of nneonditional equations by partial algebrasFover a maay sorted

,signature A. Perhaps the most common notionFc',dled existential satisfactiontaFsays that a

partial A-algebra A satisfes a A-equation (VX) t = t_ iff for every assignment a: X -+ AFboth

a(t) and a(t _) are definedF and they are equal.This notion h_ts the disadvantage that equations like

this inverse law

(V :V: Nat) N * (tiN) = 1

are not satisfied by the rational numbersF because the left side is undefined for some _ues where

the right side is not (namely N = 0). Existentially satisfied equations act as if they were totally

satisfiedF since they require e'erything that they talk about to be defined. Therefore existential is

not in general reflexive. These considerations suggest that existential satisfaction is too strong.

Another notionFcalled strong satisfaetionFsays that A satisfies (VX) t = F iff fi)r every

assignment a: X -+ AFif either a(t) or a(t _) is definedFthen so is the otherFand they are equal.

For example[' the equation

_aThis name is a bit ironic, because many existentialist philosophers had serious doubts about even the possibility
of genuine satisfaction.
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(/ N.._[: .V,zt_I/(N , 3,1_--([/.V) ,ll/,_[}

in zj,,r ,,xi:sr_,tdially :-,ati.-,tio_i ],y tlv, I:ui_mM_[' I,,tt it in ntr_,n_ly nali.nfh'riF I.'c;ul_,' the'w() _h],'_ :m,

,h'li,l,',l li,z" _'×,tctly I'hv san,' ,..'..-,i._llm_'zli's inalm'ly wlz_'zl .V .= [);uj,l M := ()) ,m,l th_'v :m' ,'_lln.t] t_w

all t.l,'s_, ;L",sj_lllllt'lltx. I[_IW._'v_'I'[" i'hl, ilvol'xe [;LW ;tl).ovo fails t.,> I,,. str, m_ly sat isl-iod t,v th,, ratic,n;d..,F

t.',';ms,, r.h- two si_b.n :tr,, ,I,'riIl,',l ti,v _li[5tront vahl,s. Similarly[" rl., ,'_l'L;_.ti,_zk

('2 :V..X[:.Vat) .V * 31 : [/'((I/.V) _ ({/3[))

is n_'itl.'r str, m_ly n_w oxist,,ntiallv satisfi._l by the, z'ationalsU'l,,,calL_, the, left si_l_, i._ ,h'lin_'_l tbr

s_mL_' a,_,_iglm.'_Ls whor_, th,, zi_;h_ is _,_r, (nain_,ly whem,vor .V = () or .X[ = 0). Th_,._,, oxamph,s

sll_£geNf, th;tt S/L'(HIg sa_isf;u'ti_m is also, too stl'l.)ll_,,

.-\ thir, l n,_ti,,a call.([ weak satisfactionF is t]l;tt.-_ sati._tio._ [ 7.\') t = t' iff tlw _,v(,ry ;u_si_nm_,nt

.: .V _ AFif both .,it) all([ tl.(t t) aI'_' _[('_[l_'d_th(,ll they :.try' _',l,_al. The' _liff_.wnce t.!tw,,_,n weak

;tu(l Ntl'Ollg s;ttisf_u:tion is illustrated by the ,'quation

(VM.N:N,t) M-N=N-MF

which is weakly satisfied on the natural n,unbersF because both sides are defined ifLW = M: however["

it is neither strongly nor existentially satisfied by the naturals. Our intuition is that equations like

th,. above sh,>,Lhl not be tr,x,'Fwhich implies that weak satisfaction is too weak. It is well known

and easy to check that giw:n a partial A-algebra A and a A-equation eF ifA existentially satisfies

e then .4 strongly satisfies eF aml if4 strongly satisfies e then .4 weakly satisfies e.

A.3 A Partial Equational Logic Institution

Lvt Sign he the c;ttvgory of Ill;Lily sortvd sig;naturesF and letSen: Sign _ Set be the flmctor that

_ives for ea('h signature _ the set of all pairs (7- e) where 7 is a type of satisfactionF i.e.F an elemdll

in tlm set {,'e,kF._tro_:lFe.ri._te_mtial})Fand e ib a A-equation. Let PAlg: Sign _ Cat °p be

the, fimctor that gives ti_r any signature, ,3. the category of partial A-algebra.s. If .4 is a partial

A-algebra and e is a -k-e(tuationF let us writeA _..x(:,. e) whenever .4 partially "v-satisfi_,s e. Th_n

Proposition 45 IF_._ = (Sign. Sen. PAlg. {M._x }-x-iSignl} is ,ut ir_stitutiom

B Supersorted Order Sorted Equational Logic

Goguen [26] shows how order sorted equational logic with retracts can effectively handle both

calculations and proofs for paxtial functions. There axe two order sorted approaches to paxtialityF

one using subsorts of definition and the other using error supersorts [26]. Here we concentrate on

the secondFand show how the partial algebra concepts can be naturally adapted to (total) order

sorted algebra. As a consequenceFa new institution appears [26]Fwhich we call supersorted order

sorted equational logic[" or simplyt_EL 7.

B.1 Supersorted Signatures

Given an order sorted signature ZF letOAlgr, denote the category of all E-algebras with E-homo-

morphisms. Call aai order sorted signature _ with sort set S supersorted iff S is the disjoint union

of subsets S' and S ? such that S' and S': axe isomorphic (as ordered sets)F with< the least ordering

on 5' including S' and S: (a_ ordered sets) such that J < s? whenever s' _ S' and s? fi S ? are

corresponding sort symbols. CMI the sorts in S' pureFand given a E-algebra AFcall its elements
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l.::ilm.:_,rt.,.,inl.","it_l)lire,,l,,n_,.nt_..\I.'-,,,Vh,t_L_calla._-.d.u:'l,r;Ltstrict ill'_,:tch,>t"its_q),'r:tth>Lts

I'_'llll'II: ;t.II illll)lllq' V;LIIIq' Wllq'll_'V_'l' II_ll_' _)l" |tH)l'('] ()f i_,S ;t|'_lllll_"ll[,_ i,_ ilt|])llD'.

L,.t a morphisin of supersorted sigmltures[" from (b'l. Et) t,, I.b'.;. _Z._,)['I,_, ;t p;_ir (./'.:/)
,r

wh,,r,../': ._"t _ ."; i.,. >troll that /'l._l) _ S:, ;m,l ./'('_i] = ./'l-<:)_: fi,r ,a,'ll ._t _ St[ _;u_'l wll_'re

J-')/_,,_.f(_:,l i._ ._L('h t.hat. ,/,,..._(cr) = ,/,,.:(_) wh,,m,v,.r ,, = =

all, l o" _- 1_1),,,._ CP (_t),,,t. N,)tiv,' that ./' czm t,,' r,'strict_'(l t.o s_mlc_' S' I ;that t:tz':_'t S:,Fan, l h,t

f': b"t --+: S.', ,hm,,t,,, S_Lch a r,,stricti,m ,)t" f: not,, that ./(,,)' = ./'(,r'l fi,r ,,v_'ry ,i, E .5"_'. if Sign"

,l+.not_,s th,, Sllp+'r._(/r[l'(I si_llai',lll'(,s ;m<l t.h_,ir lll_)l'phislllS[" t]l_'ll

Fact 46 Sign: i.+',_ ,'a.t_'.q,+r//.

B.2 Super Satisfaction

We t)r_,._vnt ord(_r sorte(l wa'sions for the, v;u'io_u_ kinds of partial satisfaction pr_,s,,nte([ in Section

A.1. Given a _-equation e = (gX) t = (F _ can make the following definitions: .4 existentially

supersatisfles e iff for every pure a.ssigmnent _: X _ AF botha(t) and a(t') are pure and they arc

equal. SimilarlyFA strongly supersatisfles e iff for every pure assignment a : X --* AFif either

a(t) or a(t') are pureF then both are pure and they are equal. And finallyFA weakly supersatisfies

c iff fi)r every pure _kssigllnient a: X _ .4[" ira(t) and a(() are both pureF then they are equal.

B.3 The Supersorted Order Sorted Equational Logic Institution

L_,t Sen"': Sign: --*, Set _t(:l_ote t,h(, functor that maps a sup_,['sort_'_I signat,n'o t() tho s_,t of all pairs

(_,. ,_] wh,,r_ ? is a typ," of supersatist.u:tion (i.e.F :m ,,lem,,ain the set {_re_kg._tro_,t['e.ri.,'t,w_ztial})

;tll_t _: is a standard equation ov,.r that signature quantified with variables of !lOll-error sorts 14. Let

OSA.Ig: Sign = --+ Cat ''p be the usual fimctor that gives fi)r any supersorted signature _-, the

category of order sorted _.-algebras. If .4 is an or(ler sorted Z-aloebra and e is a _-equ:ttioi][" let us

writ_, A _,2_ (7. e) when .4 7-satisfies e. Then we have

Fact 47' C_EL: = (Sign:. Sen:. OSAIg. {_v}x- ,Sigh'i) iS ,l?_ ir,.,tit,li,,,.

B.4 Forgetting the Errors

Let (S. E) _ = (S'. _') for any supersorted signature (S. E)F and note that _. v:.)_ is indeed a signature

whenever (S. _) is a supersorted signatureFbecause the operations in Z' only involve sorts in S'.

Now if (f,.q) : (SI. it) --+ ($2._',.) is a morphism of supersorted signaturesFdefine (f,.q)> to be

t g-,t t t O"the pair (f',.q') where 9' is the family {.%.,.,,: (--'l),,,',a' _ (Z2):'(,,')./{a')} with .%.,,,( ) = .q,v.s(a).
Then we have

Fact 48 __ : Sign ? --+ Sign is a functor.

We now (lefine at natural transformation a: Sen ? _ __; Sen as follows: for any supersorted

signature (S. Z) and any (S, _-,)-equation (3', e)I" lem_(7, e) be the (S'. E')-equation obtained from

(7, e) replacing each operation a : w _ s by a : w _ _ g. Then indeed

Fact 49 o_: Sen: _ __; Sen is a natural transformation.

Fact 50 Given a supersorted siqnature (S,E), then ldz : OSAlg(E) --+ PAIg(E _) is a functor.

Moreover, /4: OSAlg =_ __; PAIg is a natur_al transformation.

t_For Sen ? to be a functor, we need the rather technical result that the equations quantified by non-error variables
are mapped to equations quantified by non-error sorts. However, this is a consequence of the fact that non-error sorts
are mapped to non-error sorts.
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C Two Hidden Equatiozml Logic Institutions

TI.',,' ;u'<' tw(, rath+,r ,liff_,r,,nt ways t,, i)t+.s+.Jlt hi,l,h'n h,_ic ;u,, an instit, llt+i,,tl in two itRt_'r,':..tilt,.e., wa.ysl"

<l,'l),'_l, liu _,jJ wh,,th,.r tl,, <h'cl;u';tti_,l_ _,l';tn Ol,'r:tti<m t_ I,,, I,,,I,tvi_n;d is c_msi<l,,r_'_l I>:trt t_f the

Sigll;ttlll'l'[" ,_1' ;ks :tS,'p;tl';tt_' S_'llt,'llCe: W_' ti['st ;tpl)r_)ach_,d tills iSSll,, ill [32]. A tll_Jl',)llgh _,Xl),)sition

_,f hi, l,h'l, ;tl_/,'hl'a Zll,:ty b,, [})llll,[ ['_'_1'

"l'h_' tirst institlltionP _h,not_,_l_..T_L t [" l'oll_,'s the instituti_m of hi_l,l_'u alg/ebra imtially l>[',,s,'nted

iu I25tFth,, institution ,>t"obs,,L'v;tti_>ual logic in [35]Fau, l tl,e c,,h,,r,.nt hi, hlen alg,,hr.t apl)r,,.u'h ill

[16PlT]['wt,ih' the s,',ou, lPwhich we simply cMl YdiEL.,gs,','ms mor,, pr, mdsin_ tbr t'llturv z',,search.

()ur al>l>ro;tch also avoi_ls the infi,tit;try log;it use_l ill ol_s,rv:ttional logic. ()lily tlw tix_,,l-_l;ttgt case

is iuv,.stig;tt_,_l ]wre[7 b,lt _ hop,, to exWu,l it t,_ the' loos,.-,l;tt;t ,';ts_, s_.m (s,'e [55] ti>r m_r_' ,m th,,

t_!rmimd_Jgy of hi_hlen IoNic). _g;, fix a _lata _['-al/g,,bra D.

C.1 The First Institution

The institution It_L_ is built as follows:

Signatures: The category Sign has hidden signatures over a fixed data algebra D a., ob.iects.

A morphism of hid_ten signatures ¢): (Ft. E_) --+ (F_. E2) is the identity on the visible signature

q_Ftakes hidden sorts to hidden sortsFand if a I)ehavioral operation d__ in P2 has an argument

sort in do(HI) then there is some behavioral operation ,51 in F_ such that d2 = o(0_ 1. Sign is

indeed a cat<aoryFaml the COlnposition of two hidden signature morphisms is another. Indee, tl-" b,t

ca': (Fe. E21 -a !F3._31 and let ,ia be an op,.ration in Pa h;tvil]g an argument sort in I,:,:¢'_,Hli.

Then ,f:] h;ts ;tll argument sort in c(He)F so there is an operationde in 1-2 with aa = a!so
has an ar_unent sort in ,_5(Ht)F so there is soim_St in FI with d:_ = o(,51). Therelbre da = }r

i.e.F(2,: ,;. is also a nlorphisnl of hi_hlen signatures.

Sentences: Given a hi_hten signature iF. E)F let Sen(F. E) be the set of all E-equations. If

,b: (Ft. E1) -+ (F.,.v'2) is a hidden signature morphismFthen Sen(,_) is the flmction taking a
'! I

Et-e(tuation e = (V.k'_ I = t' if tt = t 1..... t, = t n to the E.2-e(luation

,b(e) = (_'X') ,)(t) = _5(t') if O(tt) = _,)(t'_) .... , ,0(t,, ) = _{t',,)F

where X' is {:r : ,b(s) ] .c : s _ X}. Then Sen: Sign -+ Set is indeed a functor.

Models: Given a hidden signature (F, g)Flet Mod(F,E) be the category of hidden vT-algebr_ks

and their n_orphisms. If _: {Ft. El) -'+ (Fa. E2) is a hidden signature morphismF thenNIod!,>) is

the usual reduct flmctorF_f¢. Unlike [1FaS]Fetc.Pthis allows models where not all operations axe

congruent.

Satisfaction Relation: behavioral satisfactionF i.e.l_=(r.z/= Nr.

Theorem 51 Satisfaction Condition: Given _b: (F_ El) --+ (F.,.E.,) a hidden si,tnat,_re roof

phism, d = (VX) t = t' if tz = t t ..... t,, = t,_ a El-equation. _nd A a hidden E.,_-al!lebra. the,,

A _r,..,. _b(e) iff,4r¢ _r, e.

Proof: St_ [32F 551. []

C.2 The Second Institution

Our second institution views the declaration of a behavioral operation as a new kind of sentenceF

rather than part of a hidden signature. The notion of model also changesPadding an __xluivalence
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r,'la.ti,,,,;I.'_i,,Ill.'['lJisisn._r_,n';dft.-m,,,i,'rnsr,ft.w.u_,,'u_;i,.,.rin._l'._in_',,l;,nm;.;t_:,slit.I::.':Ll.<_vi,l,.

,'l;L_.s,,_with :m (,l,,.r;_th,n_l,,i,,_t.,.,lequals wI,ML _..rv,.sthis l>,zrp,,._,,.._q.tut,.t.,,_it,[I] at',,l)ait'_

,)'...X)I'wh,.n, ..3i..,:t_,.t.,>I"t.,,rms(l,r,.t_,'re,M, Ilk,,;tc,,l,a..d__,,.'*'l"tlt,.,h.i'iv,,l..,i_n:tt.,u'_'l["whiqh ;u',,

s;tti...liq.,ll,y (..l.-._}it[(A. _.)sat.iMi,.s. a.,_in o,u",'as,.h,,l_w (;tct.lu:dly,.is;tfirst.-,,r,l,,r['_)I'm,tlain

their fr:tnn,.w_>rk) :m,l "S_---: ',. Fix ;t ,l;tt;t al_,,I,r;t DIF ;ut_l l)t'<,(:q'_,l a.._ f_,ll,w._:

Signatures: TI,, c;tn,:e;_>t'y Sign It:L.; hi, l_len si_natut'_,s [wer D a.,_ oh.j,,ctsF with its tm>rphisms

,,:,: Et _. __'v"th,, i,l_,ntity on the visil,h, si_natur_ _PF ;thai taking hi(l,h'n sort_ t_ hi, ht,,n sorts.

Sentences: Given :t hi(hh'n si_n;ttHr,, SFl_,t Sen(S) I)e the set of ;tll S-e_ln_ati_n: _mion_'(l with

_, is ;t hi, l,h'n si_n;tt,r,, morphist,t[" then Sen(,)) is th,, 5m,'tion taking ;tS. It',/5: E: _ -2
I !

Et-e(ll_;tti_)n ,' = (-,'X) : = t / if tt = t_ ..... t,, = t,, t_ the S._,-'_'q_;ttion ¢(e) = ("Y.V") ,,'_lt) =

,,_(t') if ,_ltt)= ,.Yt'_) ...... .9(t,,i--,)(t_,,)_wh_'re X" is tit,, set {.r:,_(._)t:'._ _ .\'}[';tn, l t_tking

:r : ._ .... % -+ ._ to ,_(:r) : ¢(.*t) ..- ¢(._,_) -+' ¢(s). Then Sen: Sign _ Set i_ indeed a fum'tor.

M'odels: Given a hidden signature V.Flet M'od(_) be the category of pairs (A..--) where .4 is a

hidden v'-algebra and ,_ is nil equivalence relation on .4 which is identity on visible sorts[' with

morphisms f: (A..--) --+ (.4'.--.') with f: .4 --+ .4' a _-homomorphism such that f(-.-) C_ .-..'

If :p: Et ---> _2v" is a hi(hlen signature morphismFthen Mod(¢)Foften denoted _l,>Cis ,lefined as

t.4. "--) i:_= (A !o. "" "o) on objectsF where .4 !o is the ordin_u'y many sorted algebra r,:thtct and

(" [o)._ ="'o_.,! tbr all sorts s of ElFand as f!_: (.4. ,_)Io--+ (A'. ""')fo on niorphisms. Notice that

indeed ]'!o {"_o) C ",-';',_F sol_Iod is well defined.

Satisfaction Relation: A v'-model (A..-.) satisfies ;t couditional E-equation _"v.¥) t = r' if t_ =
! /

t'_ ..... to -= t,, iff fi)r e:wh/-): X --+.'..t l" itig(:t)... O(Y_)U ...IO(t, ) ".. O(t,,) then O(tt -.. 0(:'). Also t.-t.---)

,atisfies a V'-sentenve _,ff S iff "_ is congruent for ---.

Theorem 52 Satisfaction Condition: Let ¢ : E_ _____v, be a rnorphisrn of hid,te:_ siqr,tture._., let

e be a Et-ser_tence ,zn<t let (.4..--) be. a model of v.,__. Then (A._-.). _z. ¢(el, iff {.4. "--J'o ,_,-__ e.

Proof: St,' [32F .9.);."_

This institution .justifies our belief that asserting an operation behavioral is a kin(l of s,ntenc_,F

not ;t kind of syntactic declaration as in the "'extended hidden signatures" of [17] t3. (t_in(l tction

nt)w appe;trs in the following elegant guise:

Proposition 53 Given a hidden subsignature F of W. a set of Z-equations E and a hidden Z-

'algebra A, then

• (A.',_) _ E.F implies (A,=r) _E.[,.

• (A,--r) _,_ F.

A _r E iff (.4.-r)_,: E iff (m,-r _E.F.

D A More Categorical Institution for Algebra

This section develops universal algebra in a nmch more abstract categorical language than is usualF

with satisfaction interpreted as injectivity; we show that this forms an institution. InterestinglyF

the satisfaction condition becomes "almost equivalent" to the definition of ad.ioint fimctorFthus

strengthening our belief in the essentiality of the original definition of institution in [29]. We

assume the reader familiar with basic notions of factorization systems [36P 48].

'aHowever, the most recent version of [21] treats coherence assertions as sentences.
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Definition 54 [f .4 is ;t ,':tt_._,wv ;u,,I C i._ ;t rl:uM.__)l' m, wl)hi._m._ ill .4['tl,'u :m ,)l}.j,._'t D is C-

in je('tivc ill li,r ;uW II_,)rl)llism ,' .I --, /3 ill C ;u_,l :my nn_)rPILi._n, ./' ..I --- D l.h_,r,' :tr,' s_)ln,_

tll,)l'l}hislll.n q [] -, D nll(h t.h;tt /' = c;q. •

Definition 55 If ,c _l ,11' ;u.l (Y _." ' ;tr,, fa,'t_,rization sysh,uis t_,r (.;tt,,_,_ri,,s .4 aml /3Fr_,-

Sl),'rliv,'lvF tl,'u ;t fuuct._)r.,r': A --" G is calh,(l 6"-preserving iff f(,_'._)(__ _'t;. •

W,, I)('_iu with th(, M)s('t'vati(m that satisf:t(:tioll ()t" ,,(Inati(m_ ill tit(' fl'am('w()rk of mfiversal

:tl_(,br:t is (,quivM,_ut t,) iu.i,'rtivity. L,.t Ils consi(h'r th;tt .4 is t,h,, (';d,._ory ()1' uuivernM or m,uLy

s()t't_,,l _-:tl_*'l)l';Ls (_w'r ;t (re;my sorW(I) si_nat,Lr_' _. E;u'h _,quati()u (_7.k') t = t' _mwr;m,s a

c(m_rn_,nrv r_,lati(m (m T (Xi (ttw t,,rtn al_(,bra ow,r variabh'n in N)Fwhi('h implicitly g:iv('s ;t

snri('_'tive morphism r: Tz(.\') ---, .. [t (ran be re;t(lily s(,_,n that ;m al;z_,t)r;t D satisfi_'s (VX) t = t'

if aim ouly if it, is {e}-in.ie(:tive. Conw,rselyFea(:l_ snr.jectiw' morphism e of t'w_, ;tlg('br;t s(mrr,_

gener;tws an infinite set E of equations over variables in that free algebr;tF namely all pairs in

its kernel. It can also be readily stem that an algebra is {e}-injective if and only if it satisfies

all equations in E. Therefi)reFsatisfaction of e(tnations and C-injectivityFwhere C contains only

snr.iective morphisms with free sonrcesF are eqni,,tlent concepts in the framework of universal and/or

nl;tny sorW(1 algebra.

It (:an be relatm_ly e_Lsil.y shown [53] thatF gi_n a set of surjective morphisms of not necessarily

fr,_e so_tr('esFC-inje(:tivity is actually equiwdent with C'-injectivityF where6" can be obtained from

C and (:ontMns only some special morphisms of free sourceFintnitively representing comlitional

,:(lu_ttitmb. The iu_tit,_tion that folh)ws is ttwrefi)re taking into ('onsi(leration ('onditional e(luations.

Definition 56 If C is :t class of morphisms and Q is a ('lass of objects in AFthen let C" be the

(.'l_uss of all objects in .4 which are C-in.jectiveFaud h't Q_ be tile class of all lnorphisms in C such

that ea(:h object in 62 is Q_.-inje<'tiveF •

We will ofteu say that the objects in C" "'satisfy" tile "'fi)rnmbL, C in C.

Fact 57 Gicert _ cl,t_s of m,_rpbi.,m.s C i, .4. the pair of operator._ (_'. __.) i.; ,_ G,doi_ con,ecti(),

between rht._._e._ of r, orphisms m C and cl,tss_'s of objects in .A.

W'e can now introdnce the following more or less standard notion:

Definition 58 Given a class C of morphisms and Q a class of objects in ,4F letQ_ be the class of

.objects (Q_:)". Then Q is C-injectively definable iff Q = Q_:. •

We next show that the natural injectivity-based logic informally described above can be orga-

nized as an institution:

Signatures: Let Sign be the category having small categories admitting factorization systems as

objects and S-preserving left adjoint fimctors as morphisms.

Sentences: Let Sen: Sign --_ Set be defined as Sen(A) = 'g'.a- Notice that Sen is indeed well

defined.

Models: Let Mod: Sign -+ Cat °p be defined as Mod(A) = .,4 and Mod(jr) is a right adjoint

of jr. Suppose that the right adjoints are chosen such that Mod is a functor.

Theorem 59 Satisfaction Condition: Given an £-preservin.q left adjoint functor jr: 13 _ A

ofLt: ,4 --4 I3. an object A _ IA[ and a mor72hism e _ _B, then A _.a jr(e) ifft4(A) _ e.
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